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Abstract 

The emphasis of this introductory course is on pluripotential methods in com- 
plex dynamics in higher dimension. They are based on the compactness properties 
of plurisubharmonic (p.s.h.) functions and on the theory of positive closed currents. 
Applications of these methods are not limited to the dynamical systems that we con- 
sider here. Nervertheless, we choose to show their effectiveness and to describe the 
theory for two large families of maps: the endomorphisms of projective spaces and the 
polynomial- like mappings. 

The first chapter deals with holomorphic endomorphisms of the projective space P*^. 
We establish the first properties and give several constructions for the Green currents 
TP and the equilibrium measure ji = . The emphasis is on quantitative properties 
and speed of convergence. We then treat equidistribution problems. We show the 
existence of a proper algebraic set (f, totally invariant, i.e. f~^{S) = /(<f) = S", 
such that when a ^ S", the probability measures, equidistributed on the fibers f~"'{a), 
converge towards the equilibrium measure ^, as n goes to infinity. A similar result 
holds for the restriction of / to invariant subvarieties. We survey the equidistribution 
problem when points are replaced by varieties of arbitrary dimension, and discuss the 
equidistribution of periodic points. We then establish ergodic properties of ^: K- 
mixing, exponential decay of correlations for various classes of observables, central 
limit theorem and large deviations theorem. We heavily use the compactness of the 
space DSH(P'=) of differences of quasi-p.s.h. functions. In particular, we show that the 
measure fj, is moderate, i.e. {/i, e"''^') < c, on bounded sets of (p in DSH(P'^), for suitable 
positive constants a, c. Finally, we study the entropy, the Lyapounov exponents and 
the dimension of /x. 

The second chapter develops the theory of polynomial-like maps, i.e. proper holo- 
morphic maps f : U ^ V where U, V are open subsets of C'^ with V convex and 
U V. We introduce the dynamical degrees for such maps and construct the equi- 
librium measure of maximal entropy. Then, under a natural assumption on the 
dynamical degrees, we prove equidistribution properties of points and various statis- 
tical properties of the measure fi. The assumption is stable under small pertubations 
on the map. We also study the dimension of /x, the Lyapounov exponents and their 
variation. 

Our aim is to get a self-contained text that requires only a minimal background. 
In order to help the reader, an appendix gives the basics on p.s.h. functions, positive 
closed currents and super-potentials on projective spaces. Some exercises are proposed 
and an extensive bibliography is given. 

AMS classification : 37S, 32F50, 32H50, 32Q. 

Key-words : holomorphic endomorphism, polynomial-like map, ergodic mea- 
sure, entropy, Lyapounov exponent, K-mixing, exponential mixing, central limit 
theorem, large deviations theorem, equidistribution. 
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Introduction 



These notes are based on a series of lectures given by the authors at IHP in 2003, 
Luminy in 2007, Cetraro in 2008 and Bedlewo 2008. The purpose is to provide 
an introduction to some developments in dynamics of several complex variables. 
We have chosen to treat here only two chapters of the theory: the dynamics of 
endomorphisms of the projective space P'^ and the dynamics of polynomial-like 
mappings in higher dimension. Besides the basic notions and results, we describe 
the recent developments and the new tools introduced in the theory. These tools 
are useful in other settings. We tried to give a complete picture of the theory for 
the above families of dynamical systems. Meromorphic maps on compact Kahler 
manifolds, in particular polynomial automorphisms of C'^, will be studied in a 
forthcoming survey. 

Let us comment on how complex dynamics fits in the general theory of dy- 
namical systems. The abstract ergodic theory is well-developed with remarkable 
achievements like the Oseledec-Pesin theory. It is however difficult to show in 
concrete examples that an invariant measure satisfies exponential decay of corre- 
lations for smooth observables or is hyperbolic, i.e. has only non-zero Lyapounov 
exponents, see e.g. Benedicks-Carleson [9], Viana |123j . L.S. Young [132[ 1133] . 
One of our goals is to show that holomorphic dynamics in several variables pro- 
vides remarkable examples of non-uniformly hyperbolic systems where the ab- 
stract theory can be applied. Powerful tools from the theory of several complex 
variables permit to avoid delicate combinatorial estimates. Complex dynamics 
also require a development of new tools like the calculus on currents and the 
introduction of new spaces of observables, which are of independent interest. 

Complex dynamics in dimension one, i.e. dynamics of rational maps on P^, is 
well-developed and has in some sense reached maturity. The main tools there are 
Montel's theorem on normal families, the Riemann measurable mapping theorem 
and the theory of quasi-conformal maps, see e.g. Beardon, Carleson-Gamelin [6l 
[25] . When dealing with maps in several variables such tools are not available: the 
Kobayashi hyperbolicity of a manifold and the possibility to apply normal family 
arguments, are more difficult to check. Holomorphic maps in several variables 
are not conformal and there is no Riemann measurable mapping theorem. 

The theory in higher dimension is developed using mostly pluripotential the- 
ory, i.e. the theory of plurisubharmonic (p.s.h. for short) functions and positive 
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closed currents. The Montel's compactness property is replaced by the compact- 
ness properties of p.s.h. or quasi-p.s.h. functions. Another crucial tool is the use 
of good estimates for the (irf'^-equation in various settings. One of the main ideas 
is: in order to study the statistical behavior of orbits of a holomorphic map, we 
consider its action on some appropriate functional spaces. We then decompose 
the action into the "harmonic" part and the "non-harmonic" one. This is done 
solving a rfrf'^-equation with estimates. The non-harmonic part of the dynamical 
action may be controled thanks to good estimates for the solutions of a dd''- 
equation. The harmonic part can be treated using either Harnack's inequality in 
the local setting or the linear action of maps on cohomology groups in the case 
of dynamics on compact Kahler manifolds. This approach has permitted to give 
a satisfactory theory of the ergodic properties of holomorphic and meromorphic 
dynamical systems: construction of the measure of maximal entropy, decay of 
correlations, central limit theorem, large deviations theorem, etc. with respect 
to that measure. 

In order to use the pluripotential methods, we are led to develop the calculus 
on positive closed currents. Readers not familiar with these theories may start 
with the appendix at the end of these notes where we have gathered some notions 
and results on currents and pluripotential theory. A large part in the appendix is 
classical but there are also some recent results, mostly on new spaces of currents 
and on the notion of super-potential associated to positive closed currents in 
higher bidegree. Since we only deal here with projective spaces and open sets in 
C'^, this is easier and the background is limited. 

The main problem in the dynamical study of a map is to understand the 
behavior of the orbits of points under the action of the map. Simple examples 
show that in general there is a set (Julia set) where the dynamics is unstable: the 
orbits may diverge exponentially. Moreover, the geometry of the Julia set is in 
general very wild. In order to study complex dynamical systems, we follow the 
classical concepts. We introduce and establish basic properties of some invariants 
associated to the system, like the topological entropy and the dynamical degrees 
which are the analogues of volume growth indicators in the real dynamical setting. 
These invariants give a rough classification of the system. The remarkable fact in 
complex dynamics is that they can be computed or estimated in many non-trivial 
situations. 

A central question in dynamics is to construct interesting invariant measures, 
in particular, measures with positive entropy. Metric entropy is an indicator of 
the complexity of the system with respect to an invariant measure. We focus our 
study on the measure of maximal entropy. Its support is in some sense the most 
chaotic part of the system. For the maps we consider here, measures of maximal 
entropy are constructed using pluripotential methods. For endomorphisms in P'^, 
they can be obtained as self-intersections of some invariant positive closed (1, 1)- 
currents (Green currents). We give estimates on the Hausdorff dimension and on 
Lyapounov exponents of these measures. The results give the behavior on the 
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most chaotic part. Lyapounov exponents are shown to be strictly positive. This 
means in some sense that the system is expansive in all directions, despite of the 
existence of a critical set. 

Once, the measure of maximal entropy is constructed, we study its fine dy- 
namical properties. Typical orbits can be observed using test functions. Under 
the action of the map, each observable provides a sequence of functions that can 
be seen as dependent random variables. The aim is to show that the dependence 
is weak and then to establish stochastic properties which are known for inde- 
pendent random variables in probability theory. Mixing, decay of correlations, 
central limit theorem, large deviations theorems, etc. are proved for the measure 
of maximal entropy. It is crucial here that the Green currents and the measures 
of maximal entropy are obtained using an iterative process with estimates; we 
can then bound the speed of convergence. 

Another problem, we consider in these notes, is the equidistribution of periodic 
points or of preimages of points with respect to the measure of maximal entropy. 
For endomorphisms of P'^, we also study the equidistribution of varieties with 
respect to the Green currents. Results in this direction give some informations on 
the rigidity of the system and also some strong ergodic properties that the Green 
currents or the measure of maximal entropy satisfy. The results we obtain are in 
spirit similar to a second main theorem in value distribution theory and should 
be useful in order to study the arithmetic analogues. We give complete proofs 
for most results, but we only survey the equidistribution of hypersurfaces and 
results using super-potentials, in particular, the equidistribution of subvarieties 
of higher codimension. We have given exercises, basically in each section, some 
of them are not straightforward. 

The text is organized as follows. In the first chapter, we study holomorphic 
endomorphisms of P'^. We introduce several methods in order to construct and 
to study the Green currents and the Green measure, i.e. equilibrium measure or 
measure of maximal entropy. These methods were not originally introduced in 
this setting but here they are simple and very effective. The reader will find a 
description and the references of the earlier approach in the ten years old survey 
by the second author |116] . The second chapter deals with a very large family 
of maps: polynomial-like maps. In this case, f : U ^ V is proper and defined 
on an open set U, strictly contained in a convex domain V of C^. Holomorphic 
endomorphisms of P^ can be lifted to a polynomial-like maps on some open set 
in C'^"'"^. So, we can consider polynomial-like maps as a semi- local version of 
the endomorphisms studied in the first chapter. They can appear in the study 
of meromorphic maps or in the dynamics of transcendental maps. The reader 
will find in the end of these notes an appendix on the theory of currents and an 
extensive bibliography. 
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Chapter 1 

Endomorphisms of projective 
spaces 

In this chapter, we give the main results on the dynamics of holomorphic maps on 
the projective space Several results are recent and some of them are new even 
in dimension 1. The reader will find here an introduction to methods that can be 
developed in other situations, in particular, in the study of meromorphic maps 
on arbitrary compact Kahler manifolds. The main references for this chapter are 
[201 [2TI 1181 1521 [5H1 1661 [TT6j. 

1.1 Basic properties and examples 

Let / : P'^ ^ P'^ be a holomorphic endomorphism. Such a map is always induced 
by a polynomial self-map F = {Fq, . . . , Fk) on C'^"''^ such that F~^(0) = {0} 
and the components Fi are homogeneous polynomials of the same degree d > 1. 
Given an endomorphism /, the associated map F is unique up to a multiplicative 
constant and is called a lift of / to C^^^. From now on, assume that / is non- 
invertible, i.e. the algebraic degree d is at least 2. Dynamics of an invertible map 
is simple to study. If vr : C'^^^ \ {0} —>■ P'^ is the natural projection, we have 
f o TT = TT o F. Therefore, dynamics of holomorphic maps on P'^ can be deduced 
from the polynomial case in C'"'^^. We will count preimages of points, periodic 
points, introduce Fatou and Julia sets and give some examples. 

It is easy to construct examples of holomorphic maps in P'^. The family of 
homogeneous polynomial maps F of a given degree d is parametrized by a complex 
vector space of dimension Nk^d '■= {k + + k)\/{d\k\). The maps satisfying 
F~^{0) = {0} define a Zariski dense open set. Therefore, the parameter space 
J^di^''), of holomorphic endomorphisms of algebraic degree d, is a Zariski dense 
open set in P^fc.d~i, in particular, it is connected. 

If / : C'^ ^ C'^ is a polynomial map, we can extend / to P^ but the extension 
is not always holomorphic. The extension is holomorphic when the dominant 
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homogeneous part of /, satisfies (/"'')"^(0) = {0}. Here, if d is the maximal 
degree in the polynomial expression of /, then is composed by the monomials 
of degree d in the components of /. So, it is easy to construct examples using 
products of one dimensional polynomials or their pertubations. 

A general meromorphic map / : P'^ ^ P'^ of algebraic degree d is given in 
homogeneous coordinates by 

f[zo:---:Zk] = [Fo:---:Fk], 

where the components Fi are homogeneous polynomials of degree d without com- 
mon factor, except constants. The map F := {Fq, . . . , F^) on C'^^^ is still called a 
lift of /. In general, / is not defined on the analytic set / = {[2;] G P'^, F{z) = 0} 
which is of codimension > 2 since the Fj's have no common factor. This is the 
indeterminacy set of f which is empty when / is holomorphic. 

It is easy to check that if / is in J^^i^^) and g is in J^^'i^^), the composition 
fog belongs to J^dd'i^'')- This is in general false for meromorphic maps: the 
algebraic degree of the composition is not necessarily equal to the product of 
the algebraic degrees. It is enough to consider the meromorphic involution of 
algebraic degree k 



f[zo : ■ ■ ■ : Zk] : = 



- 1 


1 - 




' Zq . . . Zk 


Zq ■ ■ ■ Zk 


.zo ■ 


Zk- 




I Zq 


Zk 



The composition / o / is the identity map. 

We say that / is dominant if f[F^ \ I) contains a non-empty open set. The 
space of dominant meromorphic maps of algebraic degree d, is denoted by ^^(P'^). 
It is also a Zariski dense open set in W^k,d-^_ result by Guelfand, Kapranov 
and Zelevinsky shows that ^^(P'') \ J^(P'') is an irreducible algebraic variety 
|78j . We will be concerned in this chapter mostly with holomorphic maps. We 
show that they are open and their topological degree, i.e. the number of points 
in a generic fiber, is equal to d^. We recall here the classical Bezout's theorem 
which is a central tool for the dynamics in P'^. 

Theorem 1.1.1 (Bezout). Let Pi, . . . ,Pk be homogeneous polynomials in C^~^^ 
of degrees di, . . . ,dk respectively. Let Z denote the set of common zeros of Pi, in 
i.e. the set of points [z] such that Pi{z) = for 1 < i < k. If Z is discrete, 
then the number of points in Z , counted with multiplicity, is di . . . dk- 

The multiplicity of a point a in Z can be defined in several ways. For instance, 
if [/ is a small neighbourhood of a and if P/ are generic homogeneous polynomials 
of degrees di close enough to Pi, then the hypersurfaces {P/ = 0} in P'^ intersect 
transversally. The number of points of the intersection in U does not depend on 
the choice of P/ and is the multiplicity of a in Z. 

Proposition 1.1.2. Let f be an endomorphism of algebraic degree d of¥^. Then 
for every a in F'^ , the fiber f~^{a) contains exactly d^ points, counted with mul- 
tiplicity. In particular, f is open and defines a ramified covering of degree d^. 
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Proof. For the multiplicity of / and the notion of ramified covering, we refer to 
Appendix lA.ll Let / = [Fq : ■ ■ ■ : Fk] be an expression of / in homogeneous 
coordinates. Consider a point a = [ao : ■ ■ ■ : a^] in P'^. Without loss of generality, 
we can assume = 1, hence a = [1 : ai : ■ ■ ■ : at]. The points in /^^(a) are the 
common zeros, in P'^, of the polynomials Fj — a^Fo for i = 1, . . . , k. 

We have to check that the common zero set is discrete, then Bezout's theorem 
asserts that the cardinality of this set is equal to the product of the degrees of 
Fi — fljFo, i.e. to d''. If the set were not discrete, then the common zero set 
of Fi — ttiFo in C'^"^^ is analytic of dimension > 2. This implies that the set of 
common zeros of the Fj's, < i < k, in C'^^^ is of positive dimension. This is 
impossible when / is holomorphic. So, / is a ramified covering of degree d^. In 
particular, it is open. 

Note that when / is a map in ^^(P'^) \ Jif(i{F'') with indeterminacy set /, we 
can prove that the generic fibers of / : P*^ \ / — ^ P'^ contains at most d^ — 1 points. 
Indeed, for every a, the hypersurfaces {Fi — aiFo = 0} in P'^ contain /. □ 

Periodic points of order n, i.e. points which satisfy /"'{z) = z, play an impor- 
tant role in dynamics. Here, /" := /o- • - o/, n times, is the iterate of order n of /. 
Periodic points of order n of f are fixed points of which is an endomorphism 
of algebraic degree d". In the present case, their counting is simple. We have the 
following result. 

Proposition 1.1.3. Let f be an endomorphism of algebraic degree d > 2 in 
. Then the number of fixed points of f , counted with multiplicity, is equal to 
[d^^^ — l)/[d—l). In particular, the number of periodic points of order n of f is 



Proof. There are several methods to count the periodic points. In P'^+^, with 
homogeneous coordinates [z : t] = [zq : ■ ■ ■ : Zk : t], we consider the system of 
equations Fi{z) — f^^^Zi = 0. The set is discrete since it is analytic and does not 
intersect the hyperplane {t = 0}. So, we can count the solutions of the above 
system using Bezout's theorem and we find d'''^^ points counting with multiplicity. 
Each point [z : t] in this set, except [0 : ■ ■ ■ : : 1], corresponds to a fixed point 
[z] of /. The correspondence is rf — 1 to 1. Indeed, if we multiply t by a (rf — l)-th 
root of unity, we get the same fixed point. Hence, the number of fixed points of 
/ counted with multiplicity is {d''^^ — l)/{d — 1). 

The number of fixed points of / is also the number of points in the intersection 
of the graph of / with the diagonal of P'^ x P'^. So, we can count these points 
using the cohomology classes associated to the above analytic sets, i.e. using the 
Lefschetz fixed point formula, see [75j. We can also observe that this number 
depends continuously on /. So, it is constant for / in Jif^i^'^) which is connected. 
We obtain the result by counting the fixed points of an example, e.g. for f[z] = 



+ o(rf'="). 




□ 
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Note that the periodic points of period n are isolated. If p is such a point, a 
theorem due to Shub-Sulhvan [91, p. 323] imphes that the multiphcity at p of the 
equation f"^^{p) = p is bounded independently on m. The result holds for 
maps. We deduce from the above result that / admits infinitely many distinct 
periodic points. 

The set of fixed points of a meromorphic map could be empty or infinite. One 
checks easily that the map {zi, z-i) ^ {z\^ Z2) in admits {zi = 0} as a curve of 
fixed points. 

Example 1.1.4. Consider the following map: 

f{Zi,Z2) := {Zi + l,P(zi,Z2)), 

where P is a homogeneous polynomial of degree d > 2 such that P(0, 1) = 0. It 
is clear that / has no periodic point in C^. The meromorphic extension of / is 
given in homogeneous coordinates [zq : Zi : Z2] by 

f[z] = [z',:z',-'z, + z',:P{z^,Z2)]. 

Here, is identified to the open set {zq = 1} of P^. The indeterminacy set 
/ of / is defined by Zq = P{zi,Z2) = and is contained in the line at infinity 
Loo := {-2^0 = 0}. We have /(Lqo \/) = [0 : : 1] which is an indeterminacy point. 
So, / : \ / ^ has no periodic point. 

Example 1.1.5. Consider the holomorphic map / on P^ given by 

f[z] := [z', + Piz,, Z2), zi + \z^,-^zr : z% 

with P homogeneous of degree d> 2. Let p := [1 : : 0], then f~^{p) = p. Such a 
point is called totally invariant. In general, p is not necessarily an attractive point. 
Indeed, the eigenvalues of the differential of / at p are and A. When |A| > 1, 
there is an expansive direction for / in a neighbourhood of p. In dimension one, 
totally invariant points are always attractive. 

For a holomorphic map / on P^, a point a in P'^ is critical if / is not injective 
in a neighbourhood of a or equivalently the multiplicity of / at a in the fiber 
/~^(/(a)) is strictly larger than 1, see Theorem IA.1.3[ We say that a is a critical 
point of multiplicity m if the multiphcity of / at a in the fiber f~^{f{a)) is equal 
to m + 1. 

Proposition 1.1.6. Let f be a holomorphic endomorphism of algebraic degree 
d > 2 of ¥^ . Then, the critical set of f is an algebraic hypersurface of degree 
{k + — 1) counted with multiplicity. 

Proof. If F is a lift of / to C'^"*'^, the Jacobian Jac(F) is a homogeneous polyno- 
mial of degree {k + l){d — 1). The zero set of Jac(-F) in P'^ is exactly the critical 
set of /. The result follows. □ 
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Let ^ denote the critical set of /. The orbit ^,/('^), /^('^), ... is either a 
hypersurface or a countable union of hypersurfaces. We say that / is postcritically 
finite if this orbit is a hypersurface, i.e. has only finitely many irreducible com- 
ponents. Besides very simple examples, postcritically finite maps are difficult to 
construct, because the image of a variety is in general a variety of larger degree. 
We give few examples of postcritically finite maps, see [HSl EZ] • 

Examples 1.1.7. We can check that for (i > 2 and (1 — 2Xy = 1 

f[zo : ■ ■ ■ : Zk] := : K^o - 2zif : ■ ■ ■ : X{zo - 2zkf] 
is postcritically finite. For some parameters a G C and < I < d, the map 

Uz] := [z',:zf:zl + azf-^zl] 

is also postcritically finite. In particular, for /qIz] = [z^ : zf : Z2], the associ- 
ated critical set is equal to {zqZiZ2 = 0} which is invariant under /q. So, /o is 
postcritically finite. 

Arguing as above, using Bezout's theorem, we can prove that if Y is an 
analytic set of pure codimension p in P'^ then f~^{Y) is an analytic set of pure 
codimension p. Its degree, counting with multiplicity, is equal to dPdegiY). 
Recall that the degree deg(y) of Y is the number of points in the intersection 
of Y with a generic projective subspace of dimension p. We deduce that the 
pull-back operator /* on the Hodge cohomology group H^'P[F'^, C) is simply a 
multiplication by d^. Since / is a ramified covering of degree c/^, o /* is 
the multiplication by d^. Therefore, the push-forward operator acting on 
HP'P[F^, C) is the multiplication by d^~'^. In particular, the image f{Y) of Y by 
/ is an analytic set of pure codimension p and of degree d^~^degiY), counted 
with multiplicity. 

We now introduce the Fatou and Julia sets associated to an endomorphism. 
The following definition is analogous to the one variable case. 

Definition 1.1.8. The Fatou set of / is the largest open set ^ in where the 
sequence of iterates (/")n>i is locally equicontinuous. The complement ^ oi ^ 
is called the Julia set of /. 

Fatou and Julia sets are totally invariant by that is, f~^{'^) = /(^) = ^ 
and the same property holds for ^ . Julia and Fatou sets associated to /" are 
also equal to ^ and We see here that the space P'^ is divided into two parts: 
on ^ the dynamics is stable and tame while the dynamics on ^ is a priori 
chaotic. If x is a point in ^ and y is close enough to x, the orbit of y is close to 
the orbit of x when the time n goes to infinity. On the Julia set, this property is 
not true. Attractive fixed points and their basins are examples of points in the 
Fatou set. Siegel domains, i.e. invariant domains on which / is conjugated to a 
rotation, are also in the Fatou set. Repelling periodic points are always in the 
Julia set. Another important notion in dynamics is non- wandering set. 
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Definition 1.1.9. A point a in is non-wandering with respect to / if for every 
neiglibourhood U of a, tliere is an n > 1 sucli that f"'{U) (lU ^ 0. 

The study of the Juha and Fatou sets is a fundamental problem in dynamics. 
It is quite well- understood in the one variable case where the Riemann measurable 
theorem is a basic tool. The help of computers is also important there. In higher 
dimension, Riemann measurable theorem is not valid and the use of computers 
is more delicate. The most important tool in higher dimension is pluripotential 
theory. 

For instance, Fatou and Julia sets for a general map are far from being under- 
stood. Many fundamental questions are still open. We do not know if wandering 
Fatou components exist in higher dimension. In dimension one, a theorem due 
to Sullivan [120J says that such a domain does not exist. The classification of 
Fatou components is not known, see [69j for a partial answer in dimension 2 and 
[651 1116[ 1121] for the case of postcritically finite maps. The reader will find in 
the survey [116] some results on local dynamics near a fixed point, related to the 
Fatou- Julia theory. We now give few examples. 

The following construction is due to Ueda [121] . It is useful in order to obtain 
interesting examples, in particular, to show that some properties hold for generic 
maps. The strategy is to check that the set of maps satisfying these properties 
is a Zariski open set in the space of parameters and then to produce an example 
using Ueda's construction. 

Examples 1.1.10. Let /i : ^ be a rational map of degree d > 2. Consider 
the multi-projective space P^ x ■ ■ ■ x P^, k times. The permutations of coordinates 
define a finite group F acting on this space and the quotient of P^ x ■ ■ ■ x P^ by F is 
equal to P^. Let U : P^ X ■ ■ ■ X P^ — i> P'^ denote the canonical projection. Let / be 
the endomorphism of P"*^ x ■ ■ ■ x P^ defined by f{zi, . . . ,Zk) ■= {h{zi), . . . , h{zk)). 
If (T is a permutation of coordinates (2:1, . . . , z^), then a o f = f o a. It is not 
difficult to deduce that there is an endomorphism / on P^ of algebraic degree d 
semi-conjugated to /, that is, /oil = Ho/. One can deduce dynamical properties 
of / from properties of h. For example, if h is chaotic, i.e. has a dense orbit, 
then / is also chaotic. The first chaotic maps on P^ were constructed by Lattes. 
Ueda's construction gives Lattes maps in higher dimension. A Lattes map f on 
P^ is a map semi-conjugated to an affine map on a torus. More precisely, there is 
an open holomorphic map : T ^ P'^ from a fc-dimensional torus T onto P*^ and 
an affine map A:T such that /o^ = A. We refer to [TOl fT2l[37lll5l fT03] 
for a discussion of Lattes maps. 

The following map is the simplest in our context. Its iterates can be explicitely 
computed. The reader may use this map and its pertubations as basic examples 
in order to get a picture on the objects we will introduce latter. 
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Example 1.1.11. Let / : C'^ — * C'^ be the polynomial map defined by 

/(zi,...,z,):=(4---,4), ^>2. 

We can extend / holomorphically to P'^. Let [zq : ■ ■ ■ : z^] denote the homogeneous 
coordinates on P*^ such that C'^ is identified to the chart {^o 7^ 0}. Then, the 
extension of / to P'^ is 

f[zo:---:z,] = [z',:...:zt]. 

The Fatou set is the union of the basins of the k + 1 attractive fixed points 
[0 : ■ ■ ■ : : 1 : : ■ ■ ■ : 0]. These components are defined by 

:= {z G P'^, \zj\ < \zi\ for every j ^ i}. 

The Julia set of / is the union of the following sets with < i < j < k, 
where 

:= {2; G P*^, \zi\ = \zj\ and \zi\ < \zi\ for every /}. 
We have f^{z) = {zf" , . . . , zf") for n > 1. 



Exercise 1.1.1. Let h : ¥^ ^ ¥^ be a rational map. Discuss Fatou components 
for the associated map f defined in Example \1.1.1(A Prove in particular that 
there exist Fatou components which are bi-holomorphic to a disc cross an annulus. 
Describe the set of non-wandering points of f . 

Exercise 1.1.2. Let a be a fixed point of f . Show that the eigenvalues of the 
differential Df of f at a do not depend on the local coordinates. Assume that a 
is in the Fatou set. Show that these eigenvalues are of modulus < 1. // all the 
eigenvalues are of modulus 1, show that Df{a) is diagonalizable. 

Exercise 1.1.3. Let f be a Lattes map associated to an affine map A as in 
Example \1.1.10[ Show that f is postcritically finite. Show that d^^^'^DA is an 
unitary matrix where DA is the differential of A. Deduce that the orbit of a is 
dense in P'^ for almost every a inF^ . Show that the periodic points of f are dense 
in F^. 

Exercise 1.1.4. Let f : F'^ be a dominant meromorphic map. Let I be the 

indeterminacy set of f , defined as above. Show that f cannot be extended to a 
holomorphic map on any open set which intersects I. 
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1.2 Green currents and Julia sets 

Let / be an endomorphism of algebraic degree d > 2 as above. In this paragraph, 
we give the first construction of canonical invariant currents associated to / 
(Green currents). The construction is now classical and is used in most of the 
references, see [661 EH [HTl [116]. We will show that the support of the Green 
(1, l)-current is exactly the Julia set of / |66]. In some examples. Green currents 
describe the distribution of stable varieties but in general their geometric struc- 
ture is not yet well- understood. We will see later that := T^ is the invariant 
measure of maximal entropy. 

Theorem 1.2.1. Let S be a positive closed {l,l)-current of mass 1 on P^. As- 
sume that S has bounded local potentials. Then d~"'{f"')*{S) converge weakly to a 
positive closed (1, l)-current T of mass 1. This current has continuous local po- 
tentials and does not depend on S. Moreover, it is totally invariant: f*(T) = dT 
and f*(T) = d^^^T . We also have for a smooth {k — l,k — l)-form $ 

|(c^~"(r)*(^)-r,<i>)| <Ct;-"||$||DSH, 
where c> is a constant independent of ^ and of n. 

Proof. We refer to Appendix for the basic properties of quasi-p.s.h. functions, 
positive closed currents and DSH currents. Since S has mass 1, it is cohomo logons 
to cups- Therefore, we can write S = uj-pa^ + dd'^u where m is a quasi-p.s.h. function. 
By hypothesis, this function is bounded. The current (i~^/*(co'Fs) is smooth and 
of mass 1 since /* : //^'^(P*-', C) if^'^(P'', C) is the multiphcation by d and the 
mass of a positive closed current can be computed cohomologically. So, we can 
also write d~^ f*{uj-ps) = ujfs + dd'^v where f is a quasi-p.s.h. function. Here, v is 
smooth since cups and /*(a;Fs) are smooth. We have 

d-^f*{S) = d~^f*{ujFs) +dd^{d-\o f) 
= ujfs + dd'^v + dd^{d^^u o /) . 

By induction, we obtain 

= cjfs + dd^{v + ■■■ + d-^'+h o /"-I) + dd^ld-'^u o /). 

Observe that, since v is smooth, the sequence of smooth functions f +■ ■ ■-\-d~^'^^vo 
/"~^ converges uniformly to a continuous function g. Since u is bounded, the 
functions d~"'u o / tend to 0. It follows that (i~"(/")*(S') converge weakly to a 
current T which satisfies 

T = lufs + dd^g. 

Clearly, this current does not depend on S since g does not depend on S. More- 
over, the currents (i~"(/"')*(S') are positive closed of mass 1. So, T is also a 
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positive closed current of mass 1. We deduce that g is quasi-p.s.h. since it is 
continuous and satisfies dd'^g > —ujfs- 

Applying the above computation to T instead of S, we obtain that 

d"^f*{T) = ujps + dd% + dd^{d-^g o /) = cufs + dd^g. 

Hence, f*{T) = dT. On smooth forms f^, o /* is equal to d'' times the identity; 
this holds by continuity for positive closed currents. Therefore, 

MT) = Urid-'T)) = d'~'T. 

It remains to prove the estimate in the theorem. Recall that we can write dd'^^ = 
R'^ — R~ where are positive measures such that ||-R^|| < ||$||dsh- We have 

|(rf-"(r)*(S) -r,<l>)| = |(rfrf"(t; + --- + rf-"+it;o/"-i + c/-"Mo/"-g),$)| 

= \{v + --- + d-^'+h o /"-I + d-"u o /" - g, dd^<!>) I 
= \{d~''uo f"" -J^d^'vo f\R+ - R-)\. 

i>n 

Since u and v are bounded, the mass estimate for implies that the last integral 
is < ii~"||$||DSH- The result follows. □ 

Theorem 11.2.11 gives a convergence result for S quite diffuse (with bounded 
potentials). It is like the first main theorem in value distribution theory. The 
question that we will address is the convergence for singular S, e.g. hypersurfaces. 

Definition 1.2.2. We call T the Green (1, l)-current and g the Green function 
of /. The power T^ := T A . . . AT, p factors, is the Green {p, p)-current of /, and 
its support is called the Julia set of order p. 

Note that the Green function is defined up to an additive constant and since 
T has a continuous quasi-potential, is well-defined. Green currents are totally 
invariant: we have /*(T^) = d^T^ and f*{T^) = d^~^T^. The Green (/c, /c)-current 
fi := T^ is also called the Green measure, the equilibrium measure or the measure 
of maximal entropy. We will give in the next paragraphs results which justify the 
terminologies. The iterates n > 1, have the same Green currents and Green 
function. We have the following result. 

Proposition 1.2.3. The local potentials of the Green current T are j-Holder 
continuous for every 7 such that < 7 < min(l, logrf/logdoo); where d^o '.= 
lim IID/^IIto"- In particular, the Hausdorff dimension of T^ is strictly larger 
than 2{k — p) and T^ has no mass on pluripolar sets and on proper analytic sets 
ofF''. 
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Since D/"+'"(a;) = (x)) o /^/"(x), it is not difficult to check that the 

sequence is decreasing. So, doo = inf \\Df^\\li'^ . The last assertion 

of the proposition is deduced from Corollary IA.3.31 and Proposition IA.3.41 in 
Appendix. The ffist assertion is equivalent to the Holder continuity of the Green 
function g, it was obtained by Sibony |114j for one variable polynomials and by 
Br lend J^S\ and Kosek [93] in higher dimension. 

The following lemma, due to Dinh-Sibony [171 [S3], implies the above proposi- 
tion and can be applied in a more general setting. Here, we apply it to A := 
with m large enough and to the above smooth function v. We choose a := 1, 
A := ||-D/™||oo and d is replaced by d™. 

Lemma 1.2.4. Let K be a metric space with finite diameter and A : K K be 
a Lipschitz map: ||A(a) — A(6)|| < A\\a — b\\ with A > 0. Here, \\a — b\\ denotes 
the distance between two points a, b in K . Let v be an a-Holder continuous 
function on K with < a < 1. Then, Ylin>o^~^''^ ° ^" converges pointwise to a 
function which is [3-Hdlder continuous on ~K for every [3 such that Q < (3 < a 
and (3 < log d/ log A. 

Proof. By hypothesis, there is a constant A' > Q such that |f (a) —v{b)\ < A\\a — 
Define A" := ||f ||oo- Since K has finite diameter. A" is finite and we only 
have to consider the case where ||a — 6|| ^ 1. If is an integer, we have 

I d~"v o A" (a) - J2 ^""^ ° ^"(^) I 

n>0 n>0 

< J2 f^~"|^^oA"(a) -t;oA"(6)| + ^d-"|t;oA"(a) -t;oA"(6)| 

0<n<Af n>N 

< A' J2 rf~"||A"(a) -A"(&)ir + 2A"^ci-" 

0<n<Ar n>N 
0<n<N 

If A" < d, the last sum is of order at most equal to A^||a — + For a 

given < P < a, choose A^ ~ — /31og||a — b\\/\ogd. So, the last expression is 
< ||a — In this case, the function is /5-Holder continuous for every < /3 < a. 
When A" > d, the sum is < c/-^A^°||a-6||° + rf-^. For A^ ~ - log ||a-6||/ log A, 
the last expression is < \\a — b\\^ with f3 := logfi/logA. Therefore, the function 
is /3-Holder continuous. □ 

Remark 1.2.5. Lemma 11.2.41 still holds for K with infinite diameter if v is 
Holder continuous and bounded. We can also replace the distance on K by any 
positive symmetric function on K x K which vanishes on the diagonal. Consider 
a family (fs) of endomorphisms of P'^ depending holomorphically on s in a space 
of parameters S. In the above construction of the Green current, we can locally 
on S, choose Vs{z) smooth such that dd1^Vs{z) > —ujfs{z)- Lemma [1.2.41 implies 
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that the Green function gs{,z) of fs is locally Holder continuous on (s, z) in S x P'^. 
Then, upsi^) + dd^ ^gs{z) is a positive closed (1, l)-current on E x P*^. Its slices 
by {s} X P'^ are the Green currents of fs. 

We want to use the properties of the Green currents in order to establish some 
properties of the Fatou and Julia sets. We will show that the Julia set coincides 
with the Julia set of order 1. We recall the notion of Kobayashi hyperbolicity on 
a complex manifold M. Let p be a point in M and C, a tangent vector of M at 
p. Consider the holomorphic maps r : A ^ M on the unit disc A in C such that 
r(0) = p and Dt{0) = where Dt is the differential of r and c is a constant. 
The Kobayashi- Roy den pseudo-metric is defined by 

KMip,0 ■= inf |c|"^ 

T 

It measures the size of a disc that one can immerse in M. In particular, if M 
contains an image of C passing through p in the direction ^, we have Km{p, C) = ^■ 
Kobayashi-Royden pseudo-metric is contracting for holomorphic maps: if : 
^ M is a holomorphic map between complex manifolds, we have 

KM{^{p),D<il{p)-0<KNip,0- 

The Kobayashi-Royden pseudo-metric on A coincides with the Poincare metric. 
A complex manifold M is Kobayashi hyperbolic if Km is a metric [92]. In which 
case, holomorphic self-maps of M , form a locally equicontinuous family of maps. 
We have the following result where the norm of ^ is with respect to a smooth 
metric on X. 

Proposition 1.2.6. Let M be a relatively compact open set of a compact complex 
manifold X . Assume that there is a bounded function p on M which is strictly 
p.s.h., i.e. dd'^p > u on M for some positive Hermitian form uj on X . Then M is 
Kobayashi hyperbolic and hyperbolically embedded in X. More precisely, there is 
a constant A > such that Km{p,C,) > for every p E M and every tangent 
vector ^ of M at p. 

Proof. If not, we can find holomorphic discs r„ : A ^ M such that ||il'r„(0)|| > n 
for n > 1. So, this family is not equicontinuous. A lemma due to Brody [92] says 
that, after reparametrization, there is a subsequence converging to an image of C 
in M. More precisely, up to extracting a subsequence, there are holomorphic maps 
'■ — i> A on discs A„ centered at 0, of radius n, such that r„ o converge 
locally uniformly to a non-constant map Too : C M. Since p is bounded, up to 
extracting a subsequence, the subharmonic functions Pn := p o r„ o converge 
in Lj^^(C) to some subharmonic function poo- Since the function poo is bounded, 
it should be constant. 
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For simplicity, we use here the metric on X induced by tu. Let L, K be 
arbitrary compact subsets of C such that L <£ K. For n large enough, the area 
of Tni^^niL)) counted with multiphcity, satisfies 

area(r„(^f„(L))) = / (r„ o *„)*(cj) < / dd'pn. 

We deduce that 

area(roo(-C/)) = lim area(r„(\&„(L))) < / dd'^poo = 0. 

This is a contradiction. □ 

The following result was obtained by Forn^ss-Sibony in pSl [70] and by Ueda 
for the assertion on the Kobayashi hyperbolicity of the Fatou set |122j . 

Theorem 1.2.7. Let f be an endomorphism of algebraic degree d > 2 of . 
Then, the Julia set of order 1 of f , i.e. the support ^\ of the Green (1, l)-current 
T, coincides with the Julia set ^ . The Fatou set ^ is Kobayashi hyperbolic and 
hyperbolically embedded in . Moreover, forp < k/2, the Julia set of order p of 
f is connected. 

Proof. The sequence (/") is equicontinuous on the Fatou set ^ and /" are 
holomorphic, hence the differential -D/" are locally uniformly bounded on 
Therefore, (/")*(ci;fs) are locally uniformly bounded on We deduce that 
(i~"(/")*(a;Fs) converge to on U. Hence, T is supported on the Juha set ^ . 

Let denote the complement of the support of T in F^. Observe that 
is invariant under /" and that — g is a smooth function which is strictly 
p.s.h. on Therefore, by Proposition 11.2.61 JF' is Kobayashi hyperbolic and 
hyperbolically embedded in F^. Therefore, the maps which are self- maps 
of are equicontinuous with respect to the Kobayashi- Royden metric. On 
the other hand, the fact that is hyperbolically embedded implies that the 
Kobayashi- Royden metric is bounded from below by a constant times the Fubini- 
Study metric. It follows that (/") is locally equicontinuous on with respect 
to the Fubini-Study metric. We conclude that C hence ^ = and 
^=supp(T) = ^i. 

In order to show that are connected, it is enough to prove that if S 
is a positive closed current of bidegree {p,p) with p < k/2 then the support 
of 5* is connected. Assume that the support of S is not connected, then we 
can write S = Si + 82 with Si and S2 non-zero, positive closed with disjoint 
supports. Using a convolution on the automorphism group of P'^, we can construct 
smooth positive closed (p,p)-forms S'l, S2 with disjoint supports. So, we have 
S'l A S'2 = 0. This contradicts that the cup-product of the classes [S'l] and [^2] 
is non-zero in H^P'^p{F'',R) ~ R: we have [S'l] = \\S'i\\[uj^s\, [S'2] = H^alK^^Fs] 
and [S[] ^ [S'2] = ||S'(|| IIS'211 [cc'pg], a contradiction. Therefore, the support of S is 
connected. □ 
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Example 1.2.8. Let / be a polynomial map of algebraic degree > 2 on C*^ 
which extends holomorphically to P'^. If 5 is a ball large enough centered at 0, 
then f~^{B) d B. Define Gn '■= d~^\og^ ||/"||; where log"*" := max(log, 0). As in 
Theorem 11.2. ![ we can show that Gn converge uniformly to a continuous p.s.h. 
function G such that G o f = dG. On C'^, the Green current T of / is equal to 
dd'^G and T'^ = [dd'^Gy. The Green measure is equal to {dd'^GY. If denotes 
the set of points in C'^ with bounded orbit, then /i is supported on .J^ . Indeed, 
outside we have G = lime?"" log ||/"|| and the convergence is locally uniform. 
It follows that (dd^G)'' = limc/-'="(rfrf'=log H/^ID'^ on \ JT. One easily check 
that (dci^log WrW)'' = out of /""(O). Therefore, {dd^G)'' = on C^' \ JT. The 
set is called the filled Julia set. We can show that ^ is the zero set of G. 
In particular, if f{z) = {zf, . . . ,zf), then G{z) = sup^log^ \zi\. One can check 
that the support of is foliated (except for a set of zero measure with respect 
to the trace of T^) by stable manifolds of dimension k —p and that H = T^is the 
Lebesgue measure on the torus {|2;j| = 1, z = 1, . . . , A;}. 

Example 1.2.9. We consider Example II. 1.101 Let v be the Green measure of h 
on P^, i.e. V = limd~"'{h"')*{ujps)- Here, cups denotes also the Fubini-Study form 
on P^. Let TTi denote the projections of P^ x ■ ■ ■ x P^ on the factors. Then, the 
Green current of / is equal to 

T=^n,{nli,.) + --- + nUi^)), 

as can be easily checked. 

Example 1.2.10. The following family of maps on P^ was studied in [71] : 

f[zo : z, : Z2] := [z^ + Xzozf, y{zi - Iz^f + cz"^ : z{ + cz"^. 

For appropriate choices of the parameters c and A, one can show that supp(T) 
and supp(/i) coincide and have non-empty interior. Moreover, / has an attracting 
fixed point, so the Fatou set is not empty. The situation is then quite different 
from the one variable case, where either the Julia set is equal to P^ or it has 
empty interior. Observe that the restriction of / to the projective line {2:0 = 0}, 
for appropriate z/, is chaotic, i.e. has dense orbits. One shows that {2:0 = 0} is in 
the support of \x and that P^ \ U™ q/~*{2o = 0} is Kobayashi hyperbolic. Hence 
using the total invariance of supp(yu), we get that the complement of supp(/x) is 
in the Fatou set. It is possible to choose the parameters so that P^ \ supp(^) 
contains an attractive fixed point. Several other examples are discussed in [71] . 

We now give a characterization of the Julia sets in term of volume growth. 
There is an interesting gap in the possible volume growth. 

Proposition 1.2.11. Let f be a holomorphic endomorphism of algebraic degree 
d >2 ofF^. Let T be its Green (1, l)-current. Then the following properties are 
equivalent: 
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1. X is a point in the Julia set of order p, i.e. x E := supp(T^); 

2. For every neighbourhood U of x, we have 

liminfrf-^'" / (/«)*(cuPg) A 07^3^0; 

n^oo Jjj 

3. For every neighbourhood U of x, we have 

n^oo Ju 

Proof. We have seen in Theorem 11.2.11 that (i~"(/"')*(co'Fs) converges to T when 
n goes to infinity. Moreover, d~'^{f^)*{ijjYs) admits a quasi-potential which con- 
verges uniformly to a quasi-potential of T. It follows that lim(i~P"(/"')*(ci;pg) = 
T'P. We deduce that Properties 1) and 2) are equivalent. Since 2) implies 3), it 
remains to show that 3) implies 1). For this purpose, it is enough to show that 
for any open set V with V fl = 0, 

Jv 

This is a consequence of a more general inequality in Theorem 11.7.51 below. We 
give here a direct proof. 

Since {uFs + dd'^gT = on P'^ \ we can write there ci;pg = dd'^gA {S~^ — S~) 
where are positive closed {p — l,p — l)-currents on P'^. Let x be a cut-off 
function with compact support in P'^' \ ^p and equal to 1 on V. The above 
integral is bounded by 

/ x(rr(rfrf^gA(^+-5-))A4s'= / dd^xA{gof-){f-r{s^-s-)A4-/. 

Since g is bounded, the last integral is bounded by a constant times || (/"")* (5'+) || + 
We conclude using the identity ||(r)*(5^)|| = □ 

The previous proposition suggests a notion of local dynamical degree. Define 
5p{x,r) := hmsup ( / (r)*(u;^s) A ^s")'^" 

n^oo ^ J B{x,r) ' 

and 

bp{x) := inf r) = lim5p(x, r). 

r>0 r— >0 

It follows from the above proposition that bp[x) = d^ for x G and 5p{x) = 
for X ^ ^p. This notion can be extended to general meromorphic maps or 
correspondences and the sub-level sets {Sp{x) > a} can be seen as a kind of Julia 
sets. 
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Exercise 1.2.1. Let f be an endomorphism of algebraic degree d > 2 of P^. 
Suppose a subsequence is equicontinuous on an open set U. Show that U is 
contained in the Fatou set. 

Exercise 1.2.2. Let f and g be two commuting holomorphic endomorphisms of 
, i.e. f o g = g o f ■ Show that f and g have the same Green currents. Deduce 
that they have the same Julia and Fatou sets. 

Exercise 1.2.3. Determine the Green {l,l)-current and the Green measure for 
the map f in Example Study the lamination on supp (Tf) \supp(Tf+i). 

Express the current T^ on that set as an integral on appropriate manifolds. 

Exercise 1.2.4. Let f be an endomorphism of algebraic degree d > 2 ofF'^ and 
T its Green (1, l)-current. Consider the family of maps r : A ^ P'^ such that 
T*(T) = 0. The last equation means that if u is a local potential ofT, i.e. dd'^u = 
T on some open set, then dd'^u or = on its domain of definition. Show that the 
sequence (/|"(A))n>i is equicontinuous. Prove that there is a constant c > such 
that ||Dr(0)|| < c for every r as above (this property holds for any positive closed 
(1, l)-current T with continuous potentials) . Find the corresponding discs for f 
as in Exercise \1.2.3[ 

Exercise 1.2.5. Let f be an endomorphism of algebraic degree d>2 ofF^. Let 
X be an analytic set of pure dimension p in an open setU CF''. Show that for 
every compact K G U 

limsup — log volume (/"(X fl K)) < plogd. 

n— >oo IT- 

Hint. For an appropriate cut-off function x, estimate J^xif^Yi^Fs) ■ 

1.3 Other constructions of the Green currents 

In this paragraph, we give other methods, introduced and developped by the 
authors, in order to construct the Green currents and Green measures for mero- 
morphic maps. We obtain estimates on the Perron-Frobenius operator and on the 
thickness of the Green measure, that will be applied in the stochastic study of the 
dynamical system. A key point here is the use of d.s.h. functions as observables. 

We first present a recent direct construction of Green (p, p)-currents using 
super-potentials^. Super-potentials are a tool in order to compute with positive 
closed (p, p)-currents. They play the same role as potentials for bidegree (1,1) 
currents. In dynamics, they are used in particular in the equidistribution problem 
for algebraic sets of arbitrary dimension and allow to get some estimates on the 
speed of convergence. 



These super-potentials correspond to super-potentials of mean in [53] 
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Theorem 1.3.1. Let S be a positive closed {p,p)-current of mass 1 on P^. As- 
sume that the super-potential of S is bounded. Then d~P"'{f'^)*{S) converge to 
the Green {p,p) -current T^ of f . Moreover, T^ has a Holder continuous super- 
potential. 

Sketch of proof. We refer to Appendix IA.2l and lA.4l for an introduction to super- 
potentials and to the action of holomorphic maps on positive closed currents. 
Recall that /* and f^ act on H^'P(P'', C) as the multiplications by d^ and d'^'^ 
respectively. So, if 5* is a positive closed (p, p)-current of mass 1, then = 
dP and ||/,,(S')|| = d''~P since the mass can be computed cohomologically. Let 
A denote the operator d~P~^^f^ acting on ^k-p+iij^^), the convex set of positive 
closed currents of bidegree {k — p -\- 1, k — p -\- 1) and of mass 1. It is continuous 
and it takes values also in ^fc_p+i(P'^). Let , denote the super-potentials 

of d-Pf* (ix'pg), S and d p"(/")*(S') respectively. Consider a quasi-potential U of 
mean of S" which is a DSH current satisfying dd'^H = S — cjpg. The following 
computations are valid for S smooth and can be extended to all currents S using 
a suitable regularization procedure. 

By Theorem I A . 3 . 6 1 in the Appendix, the current d~^f*{U) is DSH and satisfies 

dd'^{d-^f*iu)) = d-pf*is) - r^r Ks)- 

If K is a smooth quasi-potential of mean of d~Pf*{ujpg), i.e. a smooth real 
{p — l,p — l)-form such that 

dd'V = d-Pf* (cu^s) - and (4s''^\ V) = 0, 

then V + d~^f*{U) is a quasi-potential of d~^f*{S). Let m be the real number 
such that V -\- d~Pf*{U) -\- mup^^ is a quasi-potential of mean of d~^f*{S). We 
have 

%{R) = {V + d-^f*{U) + mul~\R) 
= {V,R) + d-\U,A{R)) +m 
= y{R) + d-^'^{A{R)) + m. 

By induction, we obtain 

^^(R) = y{K) + d-^y{A{R)) + --- + d-''+^y{A''-\R)) 

+rf-"^(A"(i?)) +m„, 

where m„ is a constant depending on n and on S. 

Since d~Pf*{ujpQ^) is smooth, is a Holder continuous function. It is not diffi- 
cult to show that A is Lipschitz with respect to the distance disto, on ^k-p+iij^^) ■ 
Therefore, by Lemma [L2.4[ the sum 



r{R) + d-^r{A{R)) + ■■■ + rf-"+V(A"-i(i?)) 
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converges uniformly to a Holder continuous function %o which does not depend 
on S. Recall that super-potentials vanish at ujps^~^^y particular, '^ni^^ps^'^^) ~ 
0. Since ^ is bounded, the above expression of ^n{R) for R = Wpg^"*"^ implies 
that m„ converge to moo := — '>^('^fs^^^) which is independent of S. So, 
converge uniformly to 1^ + moo- We deduce that (i~*'"(/")*(S') converge to a 
current Tp which does not depend on 5*. Moreover, the super-potential of Tp is 
the Holder continuous function %o + ^oo- 

We deduce from the above discussion that (i~^"(/")*(u;pg) converge in the 
Hartogs' sense to Tp, see Appendix IA.4I Theorem IA.4.91 implies that Tp+g = 
Tp ATg if p + q < k. Therefore, if T is the Green (1, l)-current, Tp is equal to 
the Green (p, p)-current of /. □ 

Remark 1.3.2. Let Sn be positive closed (p, p)-currents of mass 1 on P'^. Assume 
that their super-potentials satisfy ||^s„||oo = o{d'^). Then c/"P"(/")*(5„) 
converge to T^. If (fs) is a family of maps depending holomorphically on s in 
a space of parameters S, then the Green super-functions are also locally Holder 
continuous with respect to s and define a positive closed (j),p)-current on S x P'^. 
Its slice by {s} x P*^ is the Green (p, p)-current of fg. 

We now introduce two other constructions of the Green measure. The main 
point is the use of appropriate spaces of test functions adapted to complex anal- 
ysis. Their norms take into account the complex structure of P'^. The reason 
to introduce these spaces is that they are invariant under the push-forward by 
a holomorphic map. This is not the case for spaces of smooth forms because of 
the critical set. Moreover, we will see that there is a spectral gap for the action 
of endomorphisms of P'^ which is a useful property in the stochastic study of the 
dynamical system. The first method, called the dd'^ -method, was introduced in 
[i6] and developped in [H]. It can be extended to Green currents of any bidegree. 
We show a convergence result for PB measures u towards the Green measure. PB 
measures are diffuse in some sense; we will study equidistribution of Dirac masses 
in the next paragraph. 

Recall that / is an endomorphism of P'^ of algebraic degree d > 2. Define 
the Perron- Frohenius operator K on test functions ip by A(y9) := d~^f^:{ip). More 
precisely, we have 

A{v){z) := d~' V^H' 

where the points in f~^{z) are counted with multiplicity. The following proposi- 
tion is crucial. 

Proposition 1.3.3. The operator A : DSH(P^') DSH(P'=) is well-defined, 
bounded and continuous with respect to the weak topology on DSH(P'^). The 
operator A : DSH(P^') DSH(P^') defined by 

Hv) ■=Hv) - (4s, AM) 
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is contracting and satisfies the estimate 

||A(v5)||dsh < c^^Iv'IIdsh- 

Proof. We prove the first assertion. Let be a quasi-p.s.h. function sucli 
tfiat dd'^Lp > — cufs- We show that A{ip) is d.s.h. Since ip is strongly upper 
semi-continuous, A{(p) is strongly upper semi-continuous, see Appendix IA.2I If 
dd'^ip = S — ups with S positive closed, we have dd'^A{ip) = d~^f^{S) — d~^f^:{ujFs)- 
Therefore, if m is a quasi-potential of c/^'^/*(c<jfs), then u + A{(p) is strongly semi- 
continuous and is a quasi-potential of d~''f^:{S). So, this function is quasi-p.s.h. 
We deduce that A{ip) is d.s.h., and hence A : DSH(P'=) ^ DSH(P'=) is well-defined. 

Observe that A : L^(P^) L^(P'') is continuous. Indeed, if ip is in L^(P''), 
we have 

iiamiIli = (4s,^-1/*Mi) < (4s,rf-v*(i^i)) = rf-'(r(4s),i^i) < ii^iUi. 

Therefore, A : DSII(P*'') DSH(P'^) is continuous with respect to the weak 
topology. This and the estimates below imply that A is a bounded operator. 

We prove now the last estimate in the proposition. Write dd'^if = — 
with 5'='' positive closed. We have 

dd'A{ip) = dd'A{ip) = d-^f,{S+ - S-) = d-^MS+) - d-^f,{S~). 

Since ||/*(^^)|| = d''-^\\S^\\ and (cj^g, A((/?)) = 0, we obtain that ||A((/?)||dsh < 
(i""*^ II 5*^11. The result follows. □ 

Recall that if z/ is a positive measure on P'^, the pull-back is defined by 

the formula {f*{h'),ip) = for ip continuous on P^. Observe that since 

/ is a ramified covering, f^i^f) is continuous when ip is continuous, see Exercise 
IA.1.51 in Appendix. So, the above definition makes sense. For ip = 1, we obtain 
that II /*( 1^)11 = c?'^||z/||, since the covering is of degree d^. If u is the Dirac mass 
at a point a, f*{y) is the sum of Dirac masses at the points in f~^{a). 

Recall that a measure u is PB if quasi-p.s.h. are i/-integrable and u is PC if 
it is PB and acts continuously on DSII(P*'') with respect to the weak topology on 
this space, see Appendix IA.4I We deduce from Proposition 11.3.31 the following 
result where the norm || ■ ||^ on DSH(P'^) is defined by 

Wvh ■= K^></')l + inf ll'^^ll, 

with 5*^ positive closed such that dd'^ip = S'^ — S~ . We will see that /i is PB, 
hence this norm is equivalent to || ■ ||dsh, see Proposition IA.4.41 

Theorem 1.3.4. Let f be as above. If u is a PB probability measure, then 
d~^'^{f^)*{v) converge to a PC probability measure fi which is independent of u 
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and totally invariant under f . Moreover, if (p is a d.s.h. function and c^p := 
{fi, if) , then 

||A"(V9) -c^lU < rf-"||v9lU and ||A"(<^) - c^||dsh < v4d-"||(^||DSH, 

where A > Q is a constant independent of ip and n. In particular, there is a 
constant c > depending on v such that 

|(rf-'="(/-)*(^)_^,y,)|<Ct/""||^||DSH. 

Proof. Since v is PB, d.s.h. functions are v integrable. It follows that there is a 
constant c > such that \ ip) \ < c||(/9||dsh- Otherwise, there are d.s.h. functions 
Pn with llv^nllosH < 1 and (z/, > 2", hence the d.s.h. function ^ 2~"y9„ is not 
i/-integrable. 

It follows from Proposition OJ] that /*(z/) is PB. So, rf-'="(/")*(z/) is PB for 
every n. Define for p d.s.h., 

Co := (wps, 9?) and Lfo := Lp - Cq 

and inductively 

Cn+l ■■= (cUpg, A(v5n)) aud ipn+1 := A{ipn) - C„+i = A{iPn)- 

A straighforward computation gives 

A"(V?) = Co H \-Cn + (Pn- 

Therefore, 

(rf-^"(r)*(z/), if) = (z/, A"(y.)) = Co + ■ ■ ■ + c„ + (z/, cp„). 

Proposition 11.3.31 applied inductively on n implies that Hv^nllosH < (^""Hv^Hdsh- 
Since A is bounded, it follows that |c„| < y4(i~"||v9||DSH, where A > is a constant. 
The property that z/ is PB and the above estimate on ip^ imply that (z/, ipn) 
converge to 0. 

We deduce that {d~^^{f"')*{h'),ip) converge to := ^„>oC„ and |c<^| < 
IIv'IIdsh- Therefore, (i~'^"(/")*(z/) converge to a PB measure /i defined by (/i, ip) : = 
c^. The constant does not depend on z/, hence the measure /i is independent 
of u. The above convergence implies that n is totally invariant, i.e. /*(//) = d'^/j,. 
Finally, since c„ depends continuously on the d.s.h. function p, the constant c^, 
which is defined by a normally convergent series, depends also continuously on 
if. It follows that /X is PC. 

We prove now the estimates in the theorem. The total invariance of fi implies 
that {fi,A"-{(p)) = {fi,(p) = c^. If dd'^ip = — S~ with positive closed, we 
have dd^A^'lp) = rf"'^"(D,(5+) - hence 

||A"(v.) - cj, < d-'mf-US^)\\ = d-^S^\\. 
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It follows that 

||A"(^)-c^lU<rf-"||^IU. 
For the second estimate, we have 

||A"(V9) - C^IIdSH = llv^nlloSH + 

i>n 

The last sum is clearly bounded by a constant times c?~"||y9||DSH- This together 
with the inequality ||v5„||dsh < c^^^IIv^IIdsh implies ||A"(v9)-c<^||dsh < c?""||v5||dsh- 
We can also use that || ||^ and || ||dsh are equivalent. 

The last inequality in the theorem is then deduced from the identity 

{d-'-{rnu)-^,^) = {u,A-{^)-c^) 

and the fact that u is PB. □ 

Remark 1.3.5. In the present case, the dd'^-method is quite simple. The function 
ifn is the normalized solution of the equation dd'^ip = dd'^A^{ip). It satisfies 
automatically good estimates. The other solutions differ from (pn by constants. 
We will see that for polynomial-like maps, the solutions differ by pluriharmonic 
functions and the estimates are less straightforward. In the construction of Green 
(p, p)-currents with p > 1, is replaced by a test form of bidegree {k — p, k — p) 
and ipn is a solution of an appropriate rfrf'^-equation. The constants c„ will be 
replaced by dd^-closed currents with a control of their cohomology class. 

The second construction of the Green measure follows the same lines but we 
use the complex Sobolev space W*(F'') instead of DSII(P'^). We obtain that 
the Green measure n is WPB, see Appendix IA.4I for the terminology. We only 
mention here the result which replaces Proposition 11.3.31 

Proposition 1.3.6. The operator A : W*(F'') W*(F'') is well-defined, bounded 
and continuous with respect to the weak topology on W*{¥^). The operator A : 
W*{¥'') ]¥*{¥'') defined by 

AM ■.= A{^)-{u^s,A{^)) 
is contracting and satisfies the estimate 

\\Ai^)\\w*<d-'/^ip\\w'. 

Sketch of proof. As in Proposition 11.3.31 since ip is in L\¥^), A{(p) is also m 
Li(P^') and the main point here is to estimate dip. Let S" be a positive closed (1, 1)- 
current on P''' such that \^^d(p Ad(p < S. We show that \^^df^{(p) Adf^{(p) < 
d^f*{S), in particular, the Poincare differential dA{(p>) of A{(p) is in L'^{F^). 

If a is not a critical value of / and U a small neighbourhood of a, then 
f~^{U) is the union of d^ open sets Ui which are sent bi-holomorphically on U. 
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Let Qi : U Ui be the inverse branches of /. On f/, we obtain using Schwarz's 
inequahty that 

d''f,{V^dipAdip). 



< 



Therefore, we have A df^:{ip) < d''f^:{S) out of the critical values of / 

which is a manifold of real codimension 2. 

Recall that is in L^(P^). It is a classical result in Sobolev spaces theory 

that an function whose gradient out of a submanifold of codimension 2 is 
in L^, is in fact in the Sobolev space l^^'^(P'^). We deduce that the inequahty 
\/—ldf^{(p) A df^{ip) < d''f^:{S) holds on P''', because the left hand side term is 
an form and has no mass on critical values of /. Finally, we have 

-k . 



V-ldAiif) A dA{ip) < d-''f,{S). 

This, together with the identity = d''-^\\S\\, implies that ||A(¥?)||vk- < 

rf""*^/^ II 5*11. The proposition follows. □ 

In the rest of this paragraph, we show that the Green measure /i is moderate, 
see Appendix IA.4I Recall that a positive measure u on P'^ is moderate if there 
are constants a > and c > such that 



||e-°niLiH < c 

for (f quasi-p.s.h. such that dd'^ip > — cups and (cupg, ip) = 0. Moderate measures 
are PB and by linearity, if u is moderate and ^ is a bounded set of d.s.h. functions 
then there are constants a > and c > such that 

||e"l'^l|UiH < c for ^ e ^. 

Moderate measures were introduced in [46|. The fundamental estimate in Theo- 
rem IA.2.111 in Appendix implies that smooth measures are moderate. So, when 
we use test d.s.h. functions, several estimates for the Lebesgue measure can be 
extended to moderate measures. For example, we will see that quasi-p.s.h. func- 
tions have comparable repartition functions with respect to the Lebesgue measure 
Wpg and to the equilibrium measure fi. 

It is shown in [l3] that measures which are wedge-products of positive closed 
(1, l)-currents with Holder continuous potentials, are moderate. In particular, 
the Green measure /i is moderate. We will give here another proof of this result 
using the following criterion. Since DSH(P'^) is a subspace of L^(P^), the L^-norm 
induces a distance on DSII(P^) that we denote by dist^i. 
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Proposition 1.3.7. Let u be a PB positive measure on P^. Assume that v 
restricted to any bounded subset of DSH(P^) is Holder continuous"^ with respect 
to dist Li . Then v is moderate. 

Proof. Let iphe a. quasi-p.s.h. function such that dd'^ip > — cups and {ujp^, ip) = 0. 
We want to prove that {u, e~°"^) < c for some positive constants a, c. For this 
purpose, we only have to show that z/{y9 < — M} < g-"*f some constant 
a > and for M > 1. Define for M > 0, ifM '■= max((y9, — M). These functions 
ipM belong to a compact family ^ of d.s.h. functions. Observe that ipM-i — '^m 
is positive with support in {ip < —M + 1}. It is bounded by 1 and equal to 1 on 
{(f < —M}. Therefore, the Holder continuity of z/ on ^ implies that there is a 
constant A > such that 

u{(p < -M} < (z/, v?A/-i - (Pm) = i^iVM-i) - i'{<^m) 

< distal ((^Af-i, Vm)^ < volume{v? < -M + 1}^. 

Since the Lebesgue measure is moderate, the last expression is < e~"^^ for some 
positive constant a. The proposition follows. □ 

We have the following result obtained in It will be used to establish 

several stochastic properties of d.s.h. observables for the equilibrium measure. 

Theorem 1.3.8. Let f be an endomorphism of algebraic degree d > 2 of . 
Then, the Green measure fi of f is Holder continuous on bounded subsets of 
DSH(P^). In particular, it is moderate. 

Proof. Let ^ be a bounded set of d.s.h. functions. We have to show that fi is 
Holder continuous on ^ with respect to disti^i. By hnearity, since fi is PC, it is 
enough to consider the case where ^ is the set of d.s.h. functions if such that 
il^,'^) > and \\ip\\fi < 1. Let ^ denote the set of d.s.h. functions ip — A{ip) 
with ip & ^. By Proposition ll.3.3[ ^ is a bounded family of d.s.h. functions. 
We claim that & is invariant under A := dA. Observe that if if is in then 
ip := ip — {fi,ip) is also in ^. Since {fi, ip) = {fi, A (</))), we have 

A{ip - A{ip)) = Aijf - Aijf)) = A(^) - A(A(^)). 

By Theorem 11.3.41 A(^) belongs to ^. This proves the claim. So, the crucial 
point is that A is contracting on an appropriate hyperplane. 

For ip, Ip in L'^{¥^) we have 

||A(^)-A(^)|U. < J A{\ip - = d'-' J |(p-^|r(4s)<ll^-^llLi. 



^This property is close to the property that has a Holder continuous super-potential. 
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So, the map A is Lipschitz with respect to dist^i. In particular, tlie map cp ^ 
if — A{ip) is Lipschitz with respect to this distance. Now, we have for G ^ 

= hm(rf-'="(r)*(4s),¥,)= hm(4s,A"(y,)) 

n— »oo n— »oo 
n>0 

= (4s,^)-5^d-"(4s,A"(^-A(^))). 

n>0 

By Lemma ri.2.4l the last series defines a function on ^ which is Holder continuous 
with respect to dist/^i. Therefore, ip i— > {fi,(p) is Holder continuous on ^. □ 

Remark 1.3.9. Let fs be a family of endomorphisms of algebraic degree d > 2, 
depending holomorphically on a parameter s G S. Let fig denote its equilibrium 
measure. We get that {s,(p) i^si^) is Holder continuous on bounded subsets 
of S X DSH(P'=). 

The following results are useful in the stochastic study of the dynamical sys- 
tem. 

Corollary 1.3.10. Let f , fi and A be as above. There are constants c > and 
a > such that if ip is d.s.h. with ||'0||dsh < 1; then 

^^^gad"|A"(^)-(/.,V.>|^ < c and ||A"(^) - {fi,^)\\Li{t,) < cqd-'" 
for every > and every 1 < q < +oo. 

Proof. By Theorem 11.3.41 d^{K^{il)) — (/i, '?/')) belong to a compact family in 
DSH(P'^'). The first inequality in the corollary follows from Theorem IL3.8I For 
the second one, we can assume that q is integer and we easily deduce the result 
from the first inequality and the inequalities x'^ < q\e^ < q'^e^ for x > 0. □ 

Corollary 1.3.11. Let < u < 2 be a constant. There are constants c > and 
a > such that if ip is a u-Holder continuous function with < 1, then 

{^i, e"'^'"'^'"!^" W-^^.'^)! ) < c and || A"(V) - (//, ^) |U.(;.) < 
for every n > and every 1 < q < +oo. 
Proof. By Corollary 11.3. lOj since || • ||dsh ^ 1 1 ■ we have 

||A"(^)-(/.,^)|U,(^)<cgrf-"||^|h^2, 

with c > independent of q and of ip. On the other hand, by definition of A, we 
have 

IIA'^(V^) - M)\\L.i,) < ||A"(V^) - (/i,^)||L^M < 211^11^0. 
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The theory of interpolation between the Banach spaces and |126] , apphed 
to the hnear operator ip i— >■ A"('?/') — {fi, tp), imphes that 

iiA"(^) - {fi,mLH,) < A,2'-^/\qd-^ri^n.,., 

for some constant A^ > depending only on v and on P^. This gives the second 
inequality in the corollary. 

Recall that if L is a linear continuous functional on the space of continuous 
functions, then we have for every < < 2 

llrll / 4 ||r||l-''/2|| r|r/2 

for some constant > independent of L (in our case, the functional is with 
values in L'^{fi)). 

For the first inequality, we have for a fixed constant a > small enough, 

q>0 ^' q>0 ^' 

By Stirhng's formula, the last sum converges. The result follows. □ 



Exercise 1.3.1. Let Lp be a smooth function and ifn as in Theorem 1.3. 4 ' Show 
that we can write ipn = ~ ^^'^^ quasi-p.s.h. such that ||v5^||dsh ^ d~"- 
and dd'^ip^ > —d^"'ujps- Prove that ipn converge pointwise to out of a pluripolar 
set. Deduce that if u is a probability measure with no mass on pluripolar sets, 
then (i~^"'(/"')*(z/) converge to /i. 

Exercise 1.3.2. Let DSHo(P'^) be the space of d.s.h. functions ip such that 
{f^,(p) = 0. Show that DSHo(P^) is a closed subspace ofDSRiF^), invariant 
under A, and that the spectral radius of A on this space is equal to 1/d. Note 
that 1 is an eigenvalue of A on DSH(P^), so, A has a spectral gap on DSH(P'^). 
Prove a similar result for W*{F^). 



1.4 Equidistribution of points 

In this paragraph, we show that the preimages of a generic point by /" are 
equidistributed with respect to the Green measure /x when n goes to infinity. 
The proof splits in two parts. First, we prove that there is a maximal proper 
algebraic set which is totally invariant, then we show that for a ^ S", the 
preimages of a are equidistributed. We will also prove that the convex set of 
probability measures z/, which are totally invariant, i.e. f*{i^) = d^u, is finite 
dimensional. The equidistribution for a out of an algebraic set is reminiscent of 
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the main questions in value distribution theory (we will see in the next paragraph 
that using super-potentials we can get an estimate on the speed of convergence 
towards fi, at least for generic maps). Finally, we prove a theorem due to Briend- 
Duval on the equidistribution of the repelling periodic points. The following 
result was obtained by the authors in [4B], see also [52] and [211 [731 ISZ] for the 
case of dimension 1. 

Theorem 1.4.1. Let f be an endomorphism o/P^ of algebraic degree d > 2 and fi 
its Green measure. Then there is a proper algebraic set S ofF^, possibly empty, 
such that d~^"'{f"')*{6a) converge to /i if and only if a ^ S . Here, 5a denotes 
the Dirac mass at a. Moreover, S is totally invariant: f~^{<S') = f{S') = S 
and is maximal in the sense that if E is a proper algebraic set of F'^ such that 
f~^{E) C E for some n> 1, then E is contained in S . 

Briend-Duval proved in ^21j the above convergence for a outside the orbit of 
the critical set. They announced the property for a out of an algebraic set, but 
there is a problem with the counting of multiplicity in their lemma in [2Tk p. 149]. 

We also have the following earlier result due to Fornaess-Sibony [66] . 

Proposition 1.4.2. There is a pluripolar set (§' such that if a is out of <S" , then 
d~'^^{f'^)*{5a) converge to fi. 

Sketch of proof. We use here a version of the above dd'^-method which is given 
in [IH] in a more general setting. Let be a smooth function and as in 
Theorem 11.3.41 Then, the functions are continuous. The estimates on ^p^ 
imply that the series ^ converges in DSH(P'^), hence converges pointwise out 
of a pluripolar set. Therefore, v^ri(a) converge to for a out of some pluripolar 
set E^, see Exercise 11.3. 1[ If c„ := (a;pg, A((y9„)), we have as in Theorem 11.3.41 

(c/-^"(r)*(5J, (^) = Co + ■ ■ ■ + c„ + <^„) = Co + ■ ■ ■ + c„ + ^n{a). 

Therefore, {d~^'^{f"')*{6a),(p) converge to = (yU,V5), for a out of E^. 

Now, consider ip in a countable family ^ which is dense in the space of 
smooth functions. If a is not in the union S" of the pluripolar sets E^, the above 
convergence of {d~''"{f"')*{6a),<f) together with the density of ^ implies that 
d~^^{f^)*{5a) converge to /i. Finally, (S' is pluripolar since it is a countable union 
of such sets. □ 

For the rest of the proof, we follow a geometric method introduced by Lyubich 
[57] in dimension one and developped in higher dimension by Briend-Duval and 
Dinh-Sibony. We first prove the existence of the exceptional set and give several 
characterizations in the following general situation. Let X be an analytic set of 
pure dimension p in invariant under /, i.e. f{X) = X. Let g : X ^ X denote 
the restriction of / to X. The following result can be deduced from Section 3.4 
in [46j, see also 
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Theorem 1.4.3. There is a proper analytic set S'x of X , possibly empty, totally 
invariant under g, which is maximal in the following sense. If E is an analytic 
set of X , of dimension < dimX, such that g^^{E) C E for some s > 1, then 
E C S'x- Moreover, there are at most finitely many analytic sets in X which are 
totally invariant under g. 

Since g permutes the irreducible components of X, we can find an integer 
m > 1 such that g"^ fixes the components of X. 

Lemma 1.4.4. The topological degree of g"^ is equal to . More precisely, there 
is a hypersurface Y of X containing sing(X) U (y'™(sing(X)) such that for x E X 
out ofY, the fiber g~'^{x) has exactly d"^^ points. 

Proof. Since g"^ fixes the components of X, we can assume that X is irreducible. 
It follows that g"^ defines a covering over some Zariski dense open set of X. We 
want to prove that S, the degree of this covering, is equal to d^^. Consider the 
positive measure (/™)*(<^fs) ^ i-^]- Since (/™)*(i^fs) cohomologous to rf'^^tUpg, 
this measure is of mass d"^^deg{X). Observe that (/™)* preserves the mass of 
positive measures and that we have (/™')*[X] = S[X]. Hence, 

d-^deg{X) = \\{fn*Hs) A [X]\\ = ||(n*((r)*Ks) a [X])|| 
= \Ks A irUXMl = S\K, A [X]|| = 6deg{X). 

It follows that S = d"^^. So, we can take for Y, a hypersurface which contains the 
ramification values of /"^ and the set sing(X) U (7™(sing(X)). □ 

Let Y be as above. Observe that if g''^{x) ^ Y then g^ defines a bi-holomorphic 
map between a neighbourhood of x and a neighbourhood of g^{x) in X. Let [Y] 
denote the {k—p + 1, fc — p+l)-current of integration on Y in F'^. Since {f"^"')*[Y] 
is a positive closed {k — p + l,k — p + l)-current of mass d'^^-ip-'^) deg(F), we can 
define the following ramification current 

Jl = J2Rn:= ^c/~"'"P(/'"")*[F]. 

n>0 n>0 

Let i^(-R, x) denote the Lelong number of R at x. By Theorem IA.2.31 for c > 0, 
Ec := {i^{R, x) > c} is an analytic set of dimension < p — 1 contained in X. 
Observe that Ei contains Y. We will see that R measures the obstruction for 
constructing good backwards orbits. 

For any point x G X let A^(x) denote the number of distinct orbits 

2'— n; n+lj • • • 5 Xq 

such that g"^{x-i-i) = xo = x and X-i E X \ Y ioi < i < n — 1. These 
are the "good" orbits. Define An := d~^^^X'^. The function A„ is lower semi- 
continuous with respect to the Zariski topology on X. Moreover, by Lemma 
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ITX^ we have < A„ < 1 and A„ = 1 out of the analytic set U"ro^^™(y). 
The sequence (A„) decreases to a function A, which represents the asymptotic 
proportion of backwards orbits in X \ Y. 

Lemma 1.4.5. There is a constant 7 > such that A > 7 on X \ Ei. 

Proof. We deduce from Theorem IA.2.31 the existence of a constant < 7 < 
1 satisfying {z/(_R, x) > 1 — 7} = Ei. Indeed, the sequence of analytic sets 
{i^{R, x) > 1 — 1/i} is decreasing, hence stationary. Consider a point x E X\ Ei. 
We have x and if := i^(-R„, x), then ^ z^n < 1 — 7. Since Ei contains y, 
1^0 = and Fi := g~"^{x) contains exactly d"^^ points. The definition of ui, which 
is "the multiplicity" of d~"^^{f"^)^:[Y] at x, implies that g~^{x) contains at most 
Vid^'P points in Y . Then 

\Y)= d^'Pi^iFi \ F) > (1 - ui)d^'^P. 

Define F2 := g~"^{Fi \ Y). The definition of z/2 implies that F2 contains at most 
jy^(pmp pQin^g in Y. Hence, F3 := g~"^{F2 \ Y) contains at least (1 — i^i — V2)d^"^'^ 
points. In the same way, we define F4, . . ., F„ with > (1 — ^ z/j)(i'"P". Hence, 
for every n we get the following estimate: 

A„(x)>t;-"^^'"#F„>l-5^z/, >7. 

This proves the lemma. □ 

End of the proof of Theorem 11.4.31 Let S'x denote the set of x G X such 
that g-'^^x) C ^1 for < / < n and define := ^n>o<^x- Then, (^^) is a 
decreasing sequence of analytic subsets of Ei. It should be stationary. So, there 
is no > such that Sx = Sx for n > uq. 

By definition, S'x is the set of a; G X such that g~"^^{x) C Ei for every n > 0. 
Hence, g~™-{Sx) C S'x- It follows that the sequence of analytic sets g~'^'^{Sx) is 
decreasing and there is > such that g~'^^^^^\<S'x) = g~'^^{S'x)- Since (7™"" is 
surjective, we deduce that g~^{Sx) = Sx and hence S'x = g^i^Sx)- 

Assume as in the theorem that E is analytic with g~'^{E) C E. Define E' : = 
g-'+^iE) U ...UE. We have g-\E') C E' which implies g-^'-^E') C ^""(^') 
for every n > 0. Hence, g~'^^^{E') = g^^{E') for n large enough. This and 
the surjectivity of g imply that g~^{E') = g{E') = E'. By Lemma ll.4.4[ the 
topological degree of {g"^ )\e' is at most d"^^P~^^ for some m' > 1. This, the 
identity g~^{E') = g{E') = E' together with Lemma [1.4.51 imply that E' C Ei. 
Hence, E' C Sx and E C Sx- 

Define S^ := g-'^+^Sx) U . . . U ^x- We have g-\Sx) = g{S'x) = <^'x- 
Applying the previous assertion to E := S'^ yields S"x d Sx- Therefore, S"x = Sx 
and g~^{Sx) = g{Sx) = Sx- So, Sx is the maximal proper analytic set in X 
which is totally invariant under g. 
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We prove now that there are only finitely many totally invariant algebraic 
sets. We only have to consider totally invariant sets E of pure dimension q. The 
proof is by induction on the dimension p of X. The case p = is clear. Assume 
that the assertion is true for X of dimension < p — 1 and consider the case of 
dimension p. If q = p then ii^ is a union of components of X. There are only a 
finite number of such analytic sets. If q < p, we have seen that E is contained 
in S'x- Applying the induction hypothesis to the restriction of / to <fx gives the 
result. □ 

We now give another characterization of S'x- Observe that if X is not locally 
irreducible at a point x then g~"^{x) may contain more than d"^'^ points. Let 
IT : X ^ X he the normalization of X, see Appendix lA.ll By Theorem IA.1.41 
applied to go it ^ g can be lifted to a map g : X ^ X such that gon = jrog. Since 
g is finite, g is also finite. We deduce that g"^ defines ramified coverings of degree 
^mp each component of X. In particular, any fiber of g"^ contains at most 
d'^P points. Observe that if g'^iE) C E then g-\E) C E where E := TT'^iE). 
Theorem 11.4.31 can be extended to g. For simplicity, we consider the case where 
X is itself a normal analytic space. If X is not normal, one should work with its 
normalization. 

Let Z he a hypersurface of X containing Ei. Let Nn{a) denote the number 
of orbits of g"^ 



with g"^{a-i-i) = a-i and = a such that a_j G Z for every i. Here, the orbits 
are counted with multiplicity. So, Nn{a) is the number of negative orbits of order 
n of a which stay in Z. Observe that the sequence of functions r„ := d~'P'"^^Nn 
decreases to some function r. Since r„ are upper semi-continuous with respect 
to the Zariski topology and < r„ < 1 (we use here the assumption that X 
is normal), the function r satisfies the same properties. Note that r(a) is the 
probability that an infinite negative orbit of a stays in Z. 

Proposition 1.4.6. Assume that X is normal. Then, t is the characteristic 
function of S'x , that is, t = 1 on Sx and r = on X \Sx- 

Proof. Since Sx C Z and Sx is totally invariant by (7, we have Sx C {r = 1}. 
Let > denote the maximal value of r on X \ Sx- This value exists since r is 
upper semi-continuous with respect to the Zariski topology (indeed, it is enough 
to consider the algebraic subset {r > 6*'} of X which decreases when 9' increases; 
the family is stationary). We have to check that ^ = 0. Assume in order to 
obtain a contradiction that > 0. Since r < 1, we always have ^ < 1. Consider 
the non-empty analytic set E := t^^{9) \ Sx va. Z\ Sx- Let a be a point in E. 
Since Sx is totally invariant, we have g~"^{a) H Sx = 0- Hence, r(6) < 9 for 
every b G g~"^{a)- We deduce from the definition of r and 9 that 



a_i, ao 




6e9-'"(a) 
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It follows that g "^(a) C E. Therefore, the analytic subset E of Z satisfies 
g'^^lE) C E. This contradicts the maximality of S'x- □ 

We continue the proof of Theorem ll.4.1[ We will use the above results for 
X = Y the set of critical values of /. Let R be the ramification current 
defined as above by 

n>0 n>0 

The following proposition was obtained in [46j, a weaker version was indepen- 
dently obtained by Briend-Duval [22]. Here, an inverse branch on B for /" is a 
bi-holomorphic map Qi : B Ui such that Qi o /" is identity on Ui. 

Proposition 1.4.7. Let u be a strictly positive constant. Let a be a point in ¥^ 
such that the Lelong number z/(i?, a) of R at a is strictly smaller than v. Then, 
there is a ball B centered at a such that /" admits at least (1 — ^/i')d^"' inverse 
branches gi : B ^ Ui where Ui are open sets in P*^ of diameter < c/~"/^. In 
particular, if fi' is a limit value of the measures d~^"'{f"')*{Sa) then \\^' — < 
2v/K^. 

Given a local coordinate system at a, let denote the family of complex lines 
passing through a. For such a line A denote by the disc of center a and of 
radius r. The family ^ is parametrized by P^~^ where the probability measure 
(the volume form) associated to the Fubini-Study metric is denoted by C Let 
Br denote the ball of center a and of radius r. 

Lemma 1.4.8. Let S be a positive closed {l,l)-current on a neighbourhood of 
a. Then for any 6 > there is an r > and a family C <^ , such that 
C{J^') > 1 — 6 and for every A in ^' , the measure S A [A^] is well-defined and 
of mass < ulS, a) + 6, where ^{S, a) is the Lelong number of S at a. 

Proof. Let vr : be the blow-up of P'^ at a and E the exceptional hyper- 

surface. Then, we can write vr*(S') = v{S, a)[E] + S' with S' a current having no 
mass on E, see Exercise IA.3.21 It is clear that for almost every A^, the restriction 
of the potentials of S to A^ is not identically —oo, so, the measure S A [A^] is 
well-defined. Let A^ denote the strict transform of A^ by vr, i.e. the closure of 
7r~^{Ar \ {a}). Then, the A,, define a smooth holomorphic fibration over E. The 
measure S A [A^.] is equal to the push- forward of 7r*(5') A [A,.] by vr. Observe that 
7r*(5') A [Ar] is equal to S' A [A^] plus h'{S,a) times the Dirac mass at A^ fl E. 
Therefore, we only have to consider the A^ such that S' A [A^] are of mass < 6. 

Since S' have no mass on E, its mass on 7r~^(i?.r) tends to when r tends to 
0. It follows from Fubini's theorem that when r is small enough the mass of the 
slices S' A [Ar] is < 6 except for a small family of A. This proves the lemma. □ 
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Lemma 1.4.9. Let U be a neighbourhood of Br- Let S be a positive closed 
(1, l)-current on U. Then, for every 6 > 0, there is a family ^' C ^ with 
C{^') > 1 — 5, such that for A in ^' , the measure S A [A^] is well-defined and 
of mass < A\\S\\, where A > is a constant depending on 6 but independent of 
S. 

Proof. We can assume that \\S\\ = 1. Let tt be as in Lemma ll.4.8[ Then, by 
continuity of vr*, the mass of 7r*(S') on 7i^^{Br) is bounded by a constant. It 
is enough to apply Fubini's theorem in order to estimate the mass of 7r*(S') A 
[A,]. □ 

Recall the following theorem due to Sibony-Wong [117] . 

Theorem 1.4.10. Let m > be a positive constant. Let ^' d ^ be such that 
C{^') > m and let S denote the intersection of the family with Br. Then any 
holomorphic function h on a neighbourhood ofH can be extended to a holomorphic 
function on Bx^ where X > is a constant depending on m but independent of 
and r. Moreover, we have 

sup \h\ < sup \h\. 

We will use the following version of a lemma due to Briend-Duval [21]. Their 
proof uses the theory of moduli of annuli. 

Lemma 1.4.11. Let g : Ar be a holomorphic map from a disc of center 

and of radius r in C. Assume that area(5'(Ar)) counted with multiplicity, is 
smaller than 1/2. Then for any e > there is a constant A > independent of 
g,r such that the diameter of g{Axr) is smaller than aiea{g{Ar)). 

Proof. Observe that the lemma is an easy consequence of the Cauchy formula if 
g has values in a compact set of C'^ C P^. In order to reduce the problem to this 
case, it is enough to prove that given an eo > 0, there is a constant Aq > such 
that diam((7(AAor)) < eo- For eo small enough, we can apply the above case to g 
restricted to Axor- 

By hypothesis, the graphs Tg of (7 in A^ x P'^ have bounded area. So, according 
to Bishop's theorem [14j, these graphs form a relatively compact family of analytic 
sets, that is, the limits of these graphs in the Hausdorff sense, are analytic sets. 
Since area((?(Ar)) is bounded by 1/2, the limits have no compact components. 
So, they are also graphs and the family of the maps g is compact. We deduce 
that diam{g{Axar)) < eo for Aq small enough. □ 

Sketch of the proof of Proposition 11.4.71 The last assertion in the proposi- 
tion is deduced from the first one and Proposition I L 4. 21 applied to a generic point 
in B. We obtain that — < 2y/i/ for every u strictly larger than u{R,a) 
which implies the result. 
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For the first assertion, the idea is to construct inverse branches for many 
discs passing through a and then to apply Theorem 11.4.101 in order to construct 
inverse branches on balls. We can assume that u is smaller than 1. Choose 
constants 5 > 0, e > small enough and then a constant k > large enough; all 
independent of n. Fix now the integer n. Recall that || (/"),(cufs) || = rf^'^-i)". By 
Lemmas 11.4.81 and 11.4.91 there is a family C <^ and a constant r > such 
that C{^') > 1 — 6 and for any A in , the mass of i? A [AK2r] is smaller than 
u and the mass of (/")*(wfs) a [A^r] is smaller than AS''-^^ with A>0. 

Claim. For each A in /" admits at least (1 — 2i')d^^ inverse branches 
Qi : Ak2^ — > Vi with area(Vi) < Av^^d~"'. The inverse branches Qi can be extended 
to a neighbourhood of A^a^. 

Assuming the claim, we complete the proof of the proposition. Let ai, . . . , a/ 
be the points in /""(a), with I < c?'^", and C the family of A's such that 
one of the previous inverse branches Qi : A^a^ Vi passes through a^, that is, Vi 
contains a^. The above claim implies that ^ £^{'^'s) ^ ~ ^){^ ~ 2i>)d'^^. There 
are at most rf'^" terms in this sum. We only consider the family ^ of the indices 
s such that > 1 — Sy/u. Since jC{^!.) < 1 for every s, we have 

#^ + (rf'="-#^)(l-3v^) yY.^i'^s) > (1 -<5)(1 -2z/)rf*^". 

Therefore, since 6 is small, we have > (1 — \fi>)(S^'^ . For any index s ^ ,5^ 
and for A in by Lemma 11.4.111 the corresponding inverse branch on A^r, 
which passes through a^, has diameter < erf""/^. By Theorem II. 4. 10[ /" admits 
an inverse branch defined on the ball and passing through a^, with diameter 
< d""/^. This implies the result. 

Proof of the claim. Let vi denote the mass of Ri A [ A«;2j,] . Then, ^ vi is the 
mass of R A [A^a^]. Recall that this mass is smaller than u. By definition, uid'^^ 
is the number of points in f''{Y) fl A^2^, counted with multiplicity. We only have 
to consider the case z/ < 1. So, we have 1^0 = and A^a^ does not intersect Y, 
the critical values of /. It follows that A^a^ admits d'' inverse branches for /. By 
definition of z/i, there are at most Uid^ such inverse branches which intersect Y, 
i.e. the images intersect Y. So, (1 — i'i)d^ of them do not meet Y and the image 
of such a branch admits d^ inverse branches for /. We conclude that A^a^ admits 
at least (1 — i'i)d'^^ inverse branches for By induction, we construct for at 
least (1 — z^i — ■ ■ ■ — h'n-i)d''"' inverse branches on A^a,.. 

Now, observe that the mass of (/")^,(ti;Fs) A [A^r] is exactly the area of 
/""(Asr)- We know that it is smaller than Ad'^'''^^"'. It is not difficult to see 
that A^a^ has at most ud^"' inverse branches with area > Au'^d'"^. This com- 
pletes the proof. □ 

End of the proof of Theorem 11.4.11 Let a be a point out of the exceptional 
set defined in Theorem 11.4.31 for X = F'^. Fix e > and a constant a > 
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small enough. If fi' is a limit value of it is enough to show that 

IIa*' — Ai|| < 2a + 2e. Consider Z := {z/(i?, > e} and r as in Proposition II. 4.61 for 
X = F^. We have r(a) = 0. So, for r large enough we have Tr{a) < a. Consider 
all the negative orbits of order rj < r 

^, = {a%,...,a%all^} 

with f{a^i\^i) = a^i] and a^^ = a such that a^il^ ^ Z and a^] & Z ior i ^ rj. 
Each orbit is repeated according to its multiplicity. Let Sr denote the family of 
points b G f~^{a) such that /*(&) G Z for < i < r. Then f~^{a) \ Sr consists of 
the preimages of the points a^ll^. So, by definition of x^, we have 

d-'^^i^Sr = Tria) < a 

and 

i 

We have for n > r 

beSr j 

Since d~^"'{f^)* preserves the mass of any measure, the first term in the last sum 
is of mass d'^^'^Sr = Tr{a) < a and the second term is of mass > 1 — a. We 
apply Proposition 11.4.71 to the Dirac masses at a^ll_. . We deduce that if /i' is a 
limit value of d~^'^{f"-)*{5a) then 

ll/u' - < 2a + (1 - a)2t <2a + 2e. 

This completes the proof of the theorem. □ 

We have the following more general result. When X is not normal, one has 
an analogous result for the lift of g to the normalization of X. 

Theorem 1.4.12. Let X he an irreducible analytic set of dimension p, invariant 
under f . Let g denote the restriction of f to X and Sx the exceptional set of 
g. Assume that X is a normal analytic space. Then d~P^{g"')*{Sa) converge to 
fj,x '■= (degX)~^T^ A [X] if and only if a is out of S'x- Moreover, the convex 
set of probability measures on X which are totally invariant under g, is of finite 
dimension. 

Proof. The proof of the first assertion follows the same lines as in Theorem 11.4. II 
We use the fact that g is the restriction of a holomorphic map in F'' in order to 
define the ramification current R. The assumption that X is normal allows to 
define d~^'"'{g'^)*{6a)- We prove the second assertion. Observe that an analytic 
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set, totally invariant by g^, is not necessarily totally invariant by g, but it is a 
union of components of such sets, see Theorem I1.4.3I Therefore, we can replace 
g by an iterate g^ in order to assume that g fixes all the components of all the 
totally invariant analytic sets. Let fi' be an extremal element in the convex set 
of totally invariant probability measures and X' the smallest totally invariant 
analytic set such that yu'(X') = 1. The first assertion applied to X' implies that 
Ai' = fJ'X'- Hence, the set of such fi' is finite. We use a normalization of X' if 
necessary. □ 

The following result due to Briend-Duval [20], shows that repelling periodic 
points are equidistributed on the support of the Green measure. 

Theorem 1.4.13. Let Pn denote the set of repelling periodic points of period n 
on the support of fi. Then the sequence of measures 

fin := rf-'^" ^'^ 

aePn 

converges to fi. 

Proof. By Proposition 11.1.31 the number of periodic points of period n of /, 
counted with multiplicity, is equal to {d"' — {d''^'^'^^^ ~ !)• Therefore, any limit 
value fi' of fin is of mass < 1. Fix a small constant e > 0. It is enough to check 
that for /i-almost every point a G P'^, there is a ball B centered at a, arbitrarily 
small, such that HB > (1 — e)d^"'fi{B) for large n. We will use in particular 
a trick due to X. Buff, which simplifies the original proof. 

Since fi is PC, it has no mass on analytic sets. So, it has no mass on the 
orbit of Y, the set of critical values of /. Fix a point a on the support of fi 
and out of ffy- We have z/(i?, a) = 0. By Proposition 11.4.71 there is a ball B of 
center a, with sufficiently small radius, which admits (1 — e^)d''"' inverse branches 
of diameter < d~"^'^ for /" when n is large enough. Choose a finite family of such 
balls Bi of center bi with 1 < i < m such that /i(-Bi U . . . U Bm) > 1 — e^fi{B) and 
each Bi admits (1 — e^yu(i?))(i^" inverse branches of diameter < d^"/^ for /" when 
n is large enough. Choose balls B'^ d Bi such that fi{B[ U . . . U B'^) > 1 — e^fi{B). 

Fix a constant N large enough. Since d~^"'{f"')*{Sa) converge to fi, there 
are at least (1 — 2e^)d^^ inverse branches for f^ whose image intersects Ui?j 
and then with image contained in one of the Bj. In the same way, we show 
that for n large enough, each Bj admits (1 — 2e^)fi{B)d^^'^~^^ inverse branches 
for f^-^ with images in B. Therefore, B admits at least (1 — 2e^Yfi{B)d^'^ 
inverse branches gi : B ^ Ui for /" with image Ui (s B. Observe that every 
holomorphic map g : B ^ U <^ B contracts the Kobayashi metric and then 
admits an attractive fixed point z. Moreover, g'' converges uniformly to z and 
Piig\B) = {z}. Therefore, each gi admits a fixed attractive point Oj. This point 
is fixed and repelling for f^. They are different since the Ui are disjoint. Finally, 
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since n is totally invariant, its support is also totally invariant under /. Hence, 
tti, which is equal to nz(7'(supp(/i) fl-B), is necessarily in supp(/i). We deduce that 

#P„ n 5 > (1 - 2t^f ^i{B)d!''' > (1 - e)rf'^X5). 

This completes the proof. □ 

Note that in the previous theorem, one can replace Pn by the set of all periodic 
points counting with multiplicity or not. 



Exercise 1.4.1. Let f be an endomorphism of algebraic degree d>2 ofF^. Let 

K be a compact set such that f^^{K) C K . Show that either K contains 
the Julia set of order k, or K is contained in an analytic set. Let U be an open 
set which intersects the Julia set Show that Un>of"'{U) is a Zariski dense 
open set ofF^. Prove that a ^ (S if and only ifUf~'"'{a) is Zariski dense. 

Exercise 1.4.2. Assume that p is a repelling fixed point in If g is another 
endomorphism close enough to f in J^^i^^) such that g{p) = p, show that p 
belongs also to the Julia set of order k of g. Hint: use that g \—>- fig is continuous. 

Exercise 1.4.3. Using Example \1.1.10{ construct a map f in Jif^i^''), d > 2, 
such that for n large enough, every fiber of f^ contains more than rf*^^^^/^)'^ points. 
Deduce that there is Zariski dense open set in M'diF^) such that if f is in that 
Zariski open set, its exceptional set is empty. 

Exercise 1.4.4. Let e be a fixed constant such that < e < 1. Let the set of 

repelling periodic points a of prime period n on the support of fi such that all the 
eigenvalues of Df^ at a are of modulus > (d — e)^!'^ . Show that d'^"^ XlaeP' 
converges to fi. 



Exercise 1.4.5. Let g be as in Theorem \1.4.1^ Show that repelling periodic 



points on supp(/ix) are equidistributed with respect to nx- In particular, they are 
Zariski dense. 



1.5 Equidistribution of varieties 

In this paragraph, we consider the inverse images by f^ of varieties in P'^. The 
geometrical method in the last paragraph is quite difficult to apply here. Indeed, 
the inverse image of a generic variety of codimension p < k is irreducible of degree 
0{d^^). The pluripotential method that we introduce here is probably the right 
method for the equidistribution problem. Moreover, it should give some precise 
estimates on the convergence, see Remark ll.5.8[ 

The following result, due to the authors, gives a satisfactory solution in the 
case of hypersurfaces. It was proved for Zariski generic maps by Fornaess-Sibony 
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in [681 1116] and for maps in dimension 2 by Favre- Jonsson in [62] . More precise 
results are given in [52] and in [62] when k = 2. The proof requires some self- 
intersection estimates for currents, due to Demailly-Meo. 

Theorem 1.5.1. Let f be an endomorphism of algebraic degree d > 2 o/P^. 
Let S'fn denote the union of the totally invariant proper analytic sets in P'^ which 
are minimal, i.e. do not contain smaller ones. Let S be a positive closed (1, 1)- 
current of mass 1 on whose local potentials are not identically — oo on any 
component of S^. Then, d'^{f^)*{S) converge weakly to the Green (1, l)-current 



The following corollary gives a solution to the equidistribution problem for 
hypersurfaces: the exceptional hypersurfaces belong to a proper analytic set in 
the parameter space of hypersurfaces of a given degree. 

Corollary 1.5.2. Let f, T and S'm be as above. If H is a hypersurface of de- 
gree s in ¥^ , which does not contain any component of S'm, then s~^d~"'{f")*[H] 
converge to T in the sense of currents. 

Note that {f^)*[H] is the current of integration on f~^{H) where the compo- 
nents of f~"'{H) are counted with multiplicity. 

Sketch of the proof of Theorem 11.5.11 We can write S = T + dd'^u where u 
is a p.s.h. function modulo T, that is, the difference of quasi-potentials of S and 
of T. Subtracting from u a constant allows to assume that (/x, u) = 0. We call 
u the dynamical quasi-potential of 5*. Since T has continuous quasi-potentials, 
u satisfies analogous properties that quasi-p.s.h. functions do. We are mostly 
concerned with the singularities of u. 

The total invariance of T and /i implies that the dynamical quasi-potential 
of (i~"(/")*(S') is equal to m„ := d~"u o We have to show that this sequence 
of functions converges to in L^(P'^). Since u is bounded from above, we have 
limsupwn < 0. Assume that Un do not converge to 0. By Hartogs' lemma, see 
Proposition IA.2.91 there is a ball B and a constant A > such that u„ < —A on 
B for infinitely many indices n. It follows that u < —Ad" on f"'{B) for such an 
index n. On the other hand, the exponential estimate in Theorem I A . 2 . 11 1 implies 
that ||e"l"l||Li < A for some positive constants a and A independent of u. If the 
multiplicity of / at every point is < d — 1, then a version of Lojasiewicz's theorem 
implies that f^{B) contains a ball of radius ~ e~'^^'^~^^" , c > 0. Therefore, we 
have 



This contradicts the above exponential estimate. 

In general, by Lemma 11.5.31 below, /"(-B) contains always a ball of radius 
~ g-cc("_ ^ slightly stronger version of the above exponential estimate will 
be enough to get a contradiction. We may improve this exponential estimate: 



T off. 
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if the Lelong numbers of 5* are small, we can increase the constant a and get a 
contradiction; if the Lelong numbers of Sn are small, we replace S hj Sn- 

The assumption m„ < —Ac?" on f"'{B) allows to show that all the limit currents 
of the sequence (i~"(/")*(S') have Lelong numbers larger than some constant 
z/ > 0. If S" is such a current, there are other currents S'^ such that S' = 
d-^(f^)*(S'J. Indeed, if S' is the limit of c/-">(/"0*('5) one can take S'^ a limit 
value of 

Let a be a point such that 2^(5*^, a) > v. The assumption on the potentials of 
S allows to prove by induction on the dimension of the totally invariant analytic 
sets that m„ converge to on the maximal totally invariant set So, a is out of 
S. Lemma [1.4.51 allows to construct many distinct points in /~"(a). The identity 
S' = (i~"(/")*(5'^) implies an estimate from below of the Lelong numbers of S' on 
f~"'{a). This holds for every n. Finally, this permits to construct analytic sets of 
large degrees on which we have estimates on the Lelong numbers of 5". Therefore, 
5" has a too large self-intersection. This contradicts an inequality of Demailly- 
Meo [23 1100] and completes the proof. Note that the proof of Demailly-Meo 
inequality uses Hormander's estimates for the 9-equation. □ 

The following lemma is proved in [52]. It also holds for meromorphic maps. 
Some earlier versions were given in [nH] and in terms of Lebesgue measure in 
[SI EH- 

Lemma 1.5.3. There is a constant c > such that if B is a ball of radius r, 
< r < 1, in ¥^ , then f^{B) contains a hall Bn of radius exp(— cr~^'^(i") for any 
n > 0. 

The ball Bn is centered at f^{an) for some point an & B which is not nec- 
essarily the center of B. The key point in the proof of the lemma is to find a 
point a„ with an estimate from below on the Jacobian of f^ at a„. If u is a 
quasi-potential of the current of integration on the critical set, the logarithm of 
this Jacobian is essentially the value ofu + uof-\-----\-uo f^~^ at a„. So, in 
order to prove the existence of a point a„ with a good estimate, it is enough to 
bound the norm of the last function. One easily obtains the result using the 
operator /* : DSII(P'') DSH(P^) and its iterates, as it is done for f^. 

Remark 1.5.4. Let ^ denote the convex compact set of totally invariant positive 
closed (1, l)-currents of mass 1 on F^, i.e. currents 5* such that f*{S) = dS. 
Define an operator V on If 5*1, 5*2 are elements of ^ and Ui, U2 their dynamical 
quasi-potentials, then < 0. Since (/i, Ui) = and Ui are upper semi-continuous, 
we deduce that = on supp(/i). Define S'l V S'2 := T + dd'^ ma:x{ui,U2)- It 
is easy to check that S'l V S'2 is an element of An element S is said to be 
minimal if S' = S'l V S'2 implies S'l = S'2 = S. It is clear that T is not minimal if 
contains other currents. In fact, for S in we have T \/ S = T. A current of 
integration on a totally invariant hypersurface is a minimal element. It is likely 
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that 'if is generated by a finite number of currents, tfie operation V, convex hulls 
and limits. 

Example 1.5.5. If / is the map given in Example ll.l.lH the exceptional set S'm 
is the union of the k + 1 attractive fixed points 

[0 : ■■• : : 1 : : ■■■ : 0]. 

The convergence of s~^d~^{f^)* [H] towards T holds for hypersurfaces H of degree 
s which do not contain these points. If vr : C'^'^^ \ {0} is the canonical 

projection, the Green (1, l)-current T of / is given by 7r*(T) = dd!^ {maxilog \zi\), 
or equivalently T = tups + dd'^v where 

v[zo : ■ ■ ■ : Zk] := max log \zi\ - ]- log(|2;o|^ H h l^fel^). 

0<i<k Z 

The currents Tj of integration on {zi = 0} belong to ^ and Ti = T + dd^Ui 
with Ui := log \ zi\ — maxj log \ zj\. These currents are minimal. If ao, . . ., au are 
positive real numbers such that a := 1 — ^ a, is positive, then S := aT + ^ a^Tj 
is an element of We have S = T + dd'^u with u := ^OjUj. The current S 
is minimal if and only if a = 0. One can obtain other elements of ^ using the 
operator V. We show that is infinite dimensional. Define for A := {ao, . . . , a^) 
with < tti < 1 and ^ = 1 the p.s.h. function va by 

va ■■= ^ai\og\zi\. 

If ^ is a family of such {k + l)-tuples A, define 

:= sup Va- 

Then, we can define a positive closed (1, l)-currents on P'^ by n*{Sj^) = dd^v^f. 
It is clear that S*^ belongs to ^ and hence ^ is of infinite dimension. 

The equidistribution problem in higher codimension is much more delicate 
and is still open for general maps. We first recall the following lemma. 

Lemma 1.5.6. For every 5 > 1, there is a Zariski dense open set Jif£{¥^) in 
Jifdi^'') o-nd a constant A > such that for f in J^^{F''), the maximal multiplicity 
of f"' at a point in is at most equal to AS"'. In particular, the exceptional 
set of such a map f is empty when 6 < d. 

Proof. Let X be a component of a totally invariant analytic set E of pure di- 
mension p < k — 1. Then, / permutes the components of E. We deduce that 
X is totally invariant under /" for some n > 1. Lemma [1.4.41 implies that the 
maximal multiplicity of /" at a point in X is at least equal to rf^'^"*')". Therefore, 
the second assertion in the lemma is a consequence of the first one. 
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Fix an large enough such that 5^ > 2''k\. Let J^^*{F^) be the set of / 
such that 6n < 2''k\. This set is Zariski open in J^d(^^)- Since the sequence 
((5„) is sub-multiphcative, i.e. 6n+m < ^nSm for n,m > 0, if / is in J^J{F''), we 
have 6n < , hence 5„ < AS"" for A large enough and for all n. It remains to 
show that J^£{F^) is not empty. Choose a rational map h : ^ of degree 
d whose critical points are simple and have disjoint infinite orbits. Observe that 
the multiplicity of at every point is at most equal to 2. We construct the map 
/ using the method described in Example ll.l.lOi We have o n = 11 o f^. 
Consider a point x in P'^ and a point x in Il~^{x). The multiplicity of at x is 
at most equal to 2^^. It follows that the multiplicity of at x is at most equal 
to 2^/c! since 11 has degree k\. Therefore, / satisfies the desired inequality. □ 

We have the following result due to the authors |53j . 

Theorem 1.5.7. There is a Zariski dense open set J^^iF^) in M'diF'^) such that 
if f is in ,^^{F^), then d~^^{f^)*{S) T^ uniformly on positive closed {p,p)- 
currents S of mass 1 on F'^. In particular, the Green {p,p) -current T^ is the 
unique positive closed {p,p) -current of mass 1 which is totally invariant. IfV is 
an analytic set of pure codimension p and of degree s in F'^ , then s~^d~^"'{f^)*[V] 
converge to T^ in the sense of currents. 

Sketch of proof. The proof uses the super-potentials of currents. In order to 
simplify the notation, introduce the dynamical super-potential Y of S. Define 
y := '^s ~ + c where ^5, '^tp are super-potentials of S, T^ and the constant 
c is chosen so that ^(T'^"^"'"^) = 0. Using a computation as in Theorem 11.3. 11 we 
obtain that the dynamical super-potential of d~^^{f"')*{S) is equal to (i~"'^o A" 
where A : '^k-p+ii^'') %-p+iiF'') is the operator d'^+^f^. Observe that the 
dynamical super-potential of is identically 0. In order to prove the convergence 
^ TP, we only have to check that d-"r(A"(i?)) ^ for i? smooth 
in ^k-p+i(F''). Since has a continuous super-potential, Y is bounded from 
above. Therefore, limsup (i-"r(A"(i?)) < 0. 

Recall that ^5 (i?) = '^niS). So, in order to prove that liminf rf-"r(A"(/2)) > 
0, it is enough to estimate inf^ ^5(A"'(i?)), or equivalently, to estimate the capac- 
ity of A"(i?) from below. Assume in order to explain the idea that the support 
of R is contained in a compact set K such that f{K) C K and K does not 
intersect the critical set of / (this is possible when p = 1). We easily obtain that 
||A"(-R)||oo ^ A"' for some constant A > 0. The estimate in Theorem I A. 4. 8 1 im- 
plies the result. In the general case, if JifJ^{F^) is chosen as in Lemma [1.5.61 for 6 
small enough and if / is in J^^{F^), we can prove the estimate cap(A'^(i?)) < d'" 
for any fixed constant d' such that 1 < d' < d. This implies the desired conver- 
gence of super-potentials. The main technical difficulty is that when R hits the 
critical set, then A{R) is not bounded. The estimates requires a smoothing and 
precise evaluation of the error. □ 
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Remark 1.5.8. The above estimate on cap(A"(i?)) can be seen as a version 
of Lojasiewicz's inequality for currents. It is quite delicate to obtain. We also 
have an explicit estimate on the speed of convergence. Indeed, we have for an 
appropriate d' < d: 

dist2(c/"^"(r)*(5),rp) := sup \{d~p"{ry{s) - tp,<i>) \ < d'^d-^". 

II*II^2<1 

The theory of interpolation between Banach spaces [126] implies a similar esti- 
mate for $ Holder continuous. 



Exercise 1.5.1. If f := [zq : ■ ■ ■ : zf], show that {z^ = zl^, for arbitrary p,q, 
is invariant under f . Show that a curve invariant under an endomorphism is an 
image ofF^ or a torus, possibly singular. 

Exercise 1.5.2. Let f be as in Example \1.5.5[ Let S be a {p,p)-current with 
positive Lelong number at [1 : : ■ ■ ■ : 0]. Show that any limit of d~^^ (f^)* [S) has 
a strictly positive Lelong number at [1 : : ■ ■ ■ : 0] and deduce that d~'^'"'{f^)*{S) 
do not converge to . 

Exercise 1.5.3. Let f be as in Theorem \1.5.1\ for p = k and A the associated 
Perron- Frobenius operator. If (p is a function on P^, show that 

||A"(<^)-(/i,(^)|U<crf""ci-^ 

for some constant c > 0. Deduce that A^'{ip) converge uniformly to {fi,(f). Give 
an estimate of \\A'^{(f) — (/i, V9)||oo for (f Holder continuous. 

Exercise 1.5.4. Let f be an endomorphism of algebraic degree d > 2. Assume 
that V is a totally invariant hypersurface, i.e. f~^{V) = V. Let Vi denote the 
irreducible components of V and hi minimal homogeneous polynomials such that 
Vi = {hi = 0}. Define h = Ylhi. Show that ho f = ch'^ where c is a constant. If 
F is a lift of f to C'^"''"'^, prove that Jac(F) contains (W^iY"^ as a factor. Show 
that V is contained in the critical set of f and deduce^ that deg V < k+1. Assume 
now that V is reducible. Find a totally invariant positive closed (1, l)-current of 
mass 1 which is not the Green current nor the current associated to an analytic 
set. 

Exercise 1.5.5. Let u be a p.s.h. function in C^, such that for A G C*, ^(A^;) = 
log |A| + u{z). If {u < 0} is bounded in , show that dd'^u'^ is a positive closed 
current on F'' which is extremal in the cone of positive closed {1, 1)- currents'^ . 
Deduce that the the Green (1, l)-current of a polynomial map o/C^ which extends 
holomorphically to , is extremal. 

•^It is known that in dimension fc = 2, is a union of at most 3 lines, p6l [67l fll3j . 
''^Unpublished result by Berndtsson-Sibony. 
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Exercise 1.5.6. Let v be a suhharmonic function on C. Suppose v{e^^z) = v{z) 
for every z G C and for every 6' G M such that e*^"'" = 1 for some integer n. 
Prove that v{z) = v{\z\) for z E C. Hint: use the Laplacian of v. Let f he as 
in Example li.5.5), R a current in C'^^^, and v a p.s.h. function on <C^^^ such 
that R = dd^v and v{F{z)) = dv{z), where F{z) := {zq, . . . , zf) is a lift of f to 
C^^^ . Show that v is invariant under the action of the unit torus T'^^^ in C^^^ . 
Determine such functions v. Recall that T is the unit circle in C and T'^^^ acts 
on C'^'^^ by multiplication. 

Exercise 1.5.7. Define the Desboves map /o in ^4(P^) as 

fo[zo : zi : Z2] := [zo{zl - 4) : - z^) : Z2{z^ - zf)]. 

Prove that fo has 12 indeterminacy points. If a is a permutation of coordinates, 
compare foo a and cr o /g. Define 

$a(zo, Zi, Z2) := zl + zl + zl- 'i\zQZiZ2, A G C 

and 

L[zq : Zl : Z2] := [02:0 : bzi : CZ2], a,b,cE C. 

Show that for Zariski generic L, fi '■= fo + ^xL is in ^^(P^). Show that on the 
curve {$A = 0} in P^, fi coincides with fo, and that fo maps the cubic {^x = 0} 
onto itself.^ 

1.6 Stochastic properties of the Green measure 

In this paragraph, we are concerned with the stochastic properties of the equi- 
librium measure /i associated to an endomorphism /. If ip is an observable, 
{ip o /")„>o can be seen as a sequence of dependent random variables. Since the 
measure is invariant, these variables are identically distributed, i.e. the Borel 
sets {(fi o /" < t} have the same fi measure for any fixed constant t. The idea 
is to show that the dependence is weak and then to extend classical results in 
probability theory to our setting. One of the key point is the spectral study of 
the Perron- Frobenius operator A := d~^f^. It allows to prove the exponential 
decay of correlations for d.s.h. and Holder continuous observables, the central 
limit theorem, the large deviation theorem, etc. An important point is to use the 
space of d.s.h. functions as a space of observables. For the reader's convenience, 
we recall few general facts from ergodic theory and probability theory. We refer 
to [HH, 1127] for the general theory. 

^This example was considered in [Tn|. It gives maps in J^(P^) which preserves a cubic. The 
cubic is singular if A = 1, non singular if A 7^ 1. In higher dimension, Beauville proved that a 
smooth hypersurface of P*^, fc > 3, of degree > 1 does not have an endomorphism with c?t > 1, 
unless the degree is 2, fc = 3 and the hypersurface is isomorphic to P-'^ x [7]. 
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Consider a dynamical system associated to a map g : X ^ X which is 
measurable with respect to a a- algebra ^ onX. The direct image of a probability 
measure z/ by (7 is the probability measure defined by 

g4u){A) :=u{g-\A)) 

for every measurable set A. Equivalently, for any positive measurable function 
if, we have 

{g,{u),^) := {iy,ipog). 

The measure u is invariant ii g^{v) = u. When X is a compact metric space and g 
is continuous, the set ^{g) of invariant probability measures is convex, compact 
and non-empty: for any sequence of probability measures vn-, the cluster points 
of 

i=o 

are invariant probability measures. 

A measurable set A is totally invariant if z/(y4 \ g'^^i^A)) = u^g'^^A) \A) = 0. 
An invariant probability measure ly is ergodic if any totally invariant set is of 
zero or full //-measure. It is easy to show that u is ergodic if and only if when 
(fog = (f, for (f G L^{i^), then ip is constant. Here, we can replace L^it^) by L'^{iy) 
with 1 < p < +00. The ergodicity of u is also equivalent to the fact that it is 
extremal in ^{g). We recall Birkhoff's ergodic theorem, which is the analogue 
of the law of large numbers for independent random variables [127] . 

Theorem 1.6.1 (Birkhoff). Let g : X X be a measurable map as above. 

Assume that v is an ergodic invariant probability measure. Let (f be a function 
in L^lu). Then 

1 ^-1 

n=0 

almost everywhere with respect to v. 

When X is a compact metric space, we can apply Birkhoff's theorem to 
continuous functions (p and deduce that for v almost every x 

n=0 

where Sx denotes the Dirac mass at x. The sum 

7V-1 



n=0 
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is called Birkhojf's sum. So, Birkhoff's theorem describes the behavior of -^Sjv((/9) 
for an observable Lp. We will be concerned with the precise behavior of Sjv((^) for 
various classes of functions ip. 

A notion stronger than ergodicity is the notion of mixing. An invariant prob- 
ability measure u is mixing if for every measurable sets A, B 

lim u{g-''{A)r\B) = u{A)u{B). 

n^oo 

Clearly, mixing implies ergodicity. It is not difficult to see that v is mixing if and 
only if for any test functions (p, t/j in L°°(i/) or in we have 

lim {u, {(fi o g'')'il)) = (i/, if) {u, i)) . 

n—>oo 

The quantity 

In{^, ij) := I (z/, {<p o g'')ip) - (z/, ^) {u, ^) | 

is called the correlation at time n oi tp and So, mixing is equivalent to the 
convergence of /n(<^, il^) to 0. We say that v is K-mixing if for every -0 e LP'i'i^) 

sup /„((^,V')^0. 

Il¥'lli2(,)<l 

Note that K-mixing is equivalent to the fact that the cr-algebra '■= r\g~"'{^) 
contains only sets of zero and full measure. This is the strongest form of mixing for 
observables in iv^(i^). It is however of interest to get a quantitative information on 
the mixing speed for more regular observables like smooth or Holder continuous 
functions. 

Consider now an endomorphism / of algebraic degree > 2 of P^' as ab ove 
and its equilibrium measure ii. We know that /x is totally invariant: = c/'^/x. 

If </? is a continuous function, then 

(/X, ipof) = {d-''f{l^), ipof) = (/X, d-'f^ip o /)) = ip). 

We have used the obvious fact that /*(</? of)— d''(p. So, // is invariant. We have 
the following proposition. 

Proposition 1.6.2. The Perron- Frohenius operator K := d~^f^ has a continuous 
extension of norm 1 to Moreover, the adjoint of A satisfies *A((/9) = (p o f 

and A o *A = id. Let LKh) denote the hyperplane of L'^{n) defined by (/x, ip) = 0. 
Then, the spectral radius of A on Lq{ix) is also equal to 1. 

Proof. Schwarz's inequality implies that 

\f.{<p)?<d^f.{\<p?)- 
Using the total invariance of we get 

(/.,|A(^)r)<(/.,A(|^|^)) = (/.,|^P). 
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Therefore, A has a continuous extension to with norm < 1. Since A(l) = 1, 

the norm of this operator is equal to 1. The properties on the adjoint of A are 
easily deduced from the total invariance of fi. 

Let (f he a function in i^o(/^) norm 1. Then, (y9 o /" is also in L'^{fi) and of 
norm 1. Moreover, A"((y9 o /"), which is equal to (p, is of norm 1. So, the spectral 
radius of A on L^fx) is also equal to 1. □ 

Mixing for the measure /i was proved in [66j- We give in this paragraph two 
proofs of K-mixing. The first one is from [l6] and does not use that /i is moderate. 

Theorem 1.6.3. Let f be an endomorphism of algebraic degree d > 2 o/P'^. 
Then, its Green measure fi is K-mixing. 



Proof. Let := (/i, tp). Since n is totally invariant, the correlations between two 
observables cp and ip satisfy 

In{<f,ip) = K/i, (y^o/")^/;) - (/i, V^) I 
= |(/i,(^A"(^)) -c^(/i,(^)| 
= K/x,^(A"(V^)-c^))|. 



Hence, 



sup In{f,'ip) < ||A"(V^) -C^|U2(^). 



Since ||A||2,2(^) < 1, it is enough to show that ||A"(^/') — c^||l2(-^) — > for a dense 
family of functions ip G L'^ifJ'). So, we can assume that ip is a. d.s.h. function 
such that \ip\ < 1. We have |c^| < 1 and ||A'^('?/^) — c^||l°o(^) < 2. Since /i is PB, 
we deduce from Theorem 11.3.41 and Cauchy-Schwarz's inequality that 

||A"(^) - c^|U2(,) < ||A"(^) - c^ll^/^) < ||A"(^) - c^||^4^H < d-^'. 

This completes the proof. For the last argument, we can also use continuous 
test functions and apply Proposition ll.4.2[ We then obtain that A"-{ip) — 
converges to pointwise out of a pluripolar set. Lebesgue's convergence theorem 
and the fact that fi has no mass on pluripolar sets imply the result. □ 



In what follows, we show that the equilibrium measure /i satisfies remarkable 
stochastic properties which are quite hard to obtain in the setting of real dynam- 
ical systems. We will see the effectiveness of the pluripotential methods which 
replace the delicate estimates, used in some real dynamical systems. The follow- 
ing result was recently obtained by Nguyen and the authors [43]. It shows that 
the equilibrium measure is exponentially mixing and generalizes earlier results of 
[IHl HHl EE] . Note that d.s.h. observables may be everywhere discontinuous. 
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Theorem 1.6.4. Let f be a holomorphic endomorphism of algebraic degree d > 2 
on . Let fi be the Green measure of f . Then for every 1 < p < +oo there is a 
constant c > such that 



i(/^,(</'°r)^) - < cd "ii^iilp(^) 



DSH 



for n > 0, (f in L^{fi) and ip d.s.h. Moreover, for < z/ < 2 there is a constant 
c > such that 



for n > 0, if in L^lfi) and ip of class . 

Proof. We prove the first assertion. Observe that the correlations 

In{^, t/j) := I {fl, o f'')tlj) - {fl, ^) (/i, ^) I 

vanish if ip is constant. Therefore, we can assume that (/i,'?/') = 0. In which case, 
we have 

J„(^,^) = |(/x,M"(^))|, 

where A denotes the Perron-Frobenius operator associated to /. 

We can also assume that IIV'Udsh < 1- Corollary 11.3.101 implies that for 
1 < q < oo, 

||A"WIU«(;.)<cgc?-" 

where c > is a constant independent of n, q and ip. Now, if q is chosen so that 
p~^ + = 1, we obtain using Holder's inequality that 

In{'^,i') < ||v5||lp{/»)||A"(V^)||l9(^) < cq\\ip\\LP{f,)d~''. 

This completes the proof of the first assertion. The second assertion is proved in 
the same way using Corollary 1 1.3. Ill □ 

Observe that the above estimates imply that for smooth 

lim sup Ln{(p,ip) = 0. 

— 11,^11 

Since smooth functions are dense in L'^[ix), the convergence holds for every ip in 
and gives another proof of the K- mixing. The following result |13] gives 
estimates for the exponential mixing of any order. It can be extended to Holder 
continuous observables using the second assertion in Theorem 11.6.41 



Theorem 1.6.5. Let f, d, fi be as in Theorem \1.6.4\ and r > 1 an integer. Then 
there is a constant c > such that 

r r 
1=0 i=0 

for = uq < ni < ■ ■ ■ < Ur, n := mino<i<r(^i+i — ni) and tpi d.s.h. 
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Proof. The proof is by induction on r. The case r = 1 is a consequence of 
Theorem I1.6.4I Suppose the result is true for r — 1, we have to check it for 
r. Without loss of generahty, assume that HV^jUdsh < 1- This implies that 
m := (/i, ipo) is bounded. The invariance of and the induction hypothesis imply 
that 



(/i, mMij2 o /"^-"^) ...{Ao r"-"^)) - m i,,) 



i=l 



< cd- 



for some constant c > 0. In order to get the desired estimate, it is enough to 
show that 



(/i, (^o-m)(^ior^)...(^,o/-)) 



< cd- 



Observe that the operator (/"")* acts on L^{fi) for p > 1 and its norm is bounded 
by 1. Using the invariance of fi and Holder's inequality, we get for p := r + 1 

(/i,A"H^o-m)V^i...(V^.o/"--i)) 



< 
< 



l|A"KV^o 
cd-'^'U 



- m)\\LP(p)\\'ipi\\LP{f,) 

i|Up(m) • • • IIV^rllLP(At), 



jnr-n\ I 



Lp(m) 



for some constant c > 0. Since ||'?/'i||Lp{/i) ^ HV^jIIdsh, the previous estimates imply 
the result. Note that as in Theorem ll.6.4[ it is enough to assume that ipi is d.s.h. 
for i <r — 1 and il)r is in LP{fi) for some p > 1. □ 

The mixing of /i implies that for any measurable observable (p, the times series 
(y9 o behaves like independent random variables with the same distribution. 
For example, the dependence of o /" and ip is weak when n is large: if a, b are 
real numbers, then the measure of {y? o /" < a and 9? < 6} is almost equal to 
^[{p o /" < a}fi{(p < b}. Indeed, it is equal to 

(/i, (l]-oo,a] /")(l]_oo,6] O V^)), 

and when n is large, mixing implies that the last integral is approximatively equal 
to 

(/i, l]_oo,a] o V5)(/i, l]-oo,6] = l^W < a}Ai{v5 <b} = h{lp o /" < a}fx{ip < b}. 

The estimates on the decay of correlations obtained in the above results, give 
at which speed the observables become "almost independent". We are going to 
show that under weak assumptions on the regularity of observables (p, the times 
series (p o satisfies the Central Limit Theorem (CLT for short). We recall the 
classical CLT for independent random variables. In what follows, E(-) denotes 
expectation, i.e. the mean, of a random variable. 
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Theorem 1.6.6. Let {X, v) he a probability space. Let Zi, Z2, . . . be indepen- 
dent identically distributed (i.i.d. for short) random variables with values in M, 
and of mean zero, i.e. E(Z„,) = 0. Assume also that < E(Z^) < 00. Then for 
any open interval / C M and for a := E(Z^)^/^, we have 



N-l . . 2 



lim v{—= Z„ G / i = , / e dt. 

The important hypothesis here is that the variables have the same distribution 
(this means that for every interval / C M, (z/, 1/ o Z„) is independent of n, where 
1/ is the characteristic function of I) and that they are independent. The result 
can be phrased as follows. If we define the random variables by 



N-l 



Af-l 

i 



n=0 

then the sequence of probability measures {Zfy[)^{v) on M converges to the prob- 

1 - *^ 

ability measure of density ^^^^ e 2^. This is also called the convergence in law. 

We want to replace the random variables Zn by the functions y9 o /"■ on the 
probability space (P'^, /i) where ^ is the Borel cx-algebra. The fact that /i is 
invariant means exactly that o are identically distributed. We state first a 
central limit theorem due to Gordin [71] , see also [123] . For simplicity, we consider 
a measurable map g : (X, ^) — > (X, ^) as above. Define ^„ := g~'^{^), n > 0, 
the (T-algebra of g~'"'{A), with A & This sequence is non- increasing. Denote 
by E{ip\^') the conditional expectation of ip with respect to a cr-algebra C 
We say that if is a coboundary H ip = ip o g — for some function ip G L'^{v). 

Theorem 1.6.7 (Gordin). Let v be an ergodic invariant probability measure on 
X. Let if be an observable in L^iy) such that {v,^) = 0. Suppose 

5^||E(v9|^„)||i.(,)<oo. 

n>0 

Then (u, Lp^) + 2 X]n>i('^) vi'^ ° 5'")) 0, finite positive number which vanishes if 
and only if ip is a coboundary. Moreover, if 



a :- 



{u,^')+2y]{u,v{^og-)) 



n>l 



is strictly positive, then Lp satisfies the central limit theorem with variance a: for 
any interval / C M 
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It is not difficult to see that a function u is ^„-measurable if and only ii u = 
V o g"' with V ^-measurable. Let L^(z/, denote the space of ^„-measurable 
functions which are in L?'{i'). Then, E((y9|t^„) is the orthogonal projection of 
V? e L'^{v) into L2(zy,^„). 

A straighforward computation using the invariance of v gives that the variance 
cr in the above theorem is equal to 

cr = lim n^-^/^llv^H ^ 9^ o fl'"""^||L2(^/)• 
r^^oo 

When if is orthogonal to all ip o (ji", we find that a = \\ip\\L2(^^y So, Gordin's 
theorem assumes a weak dependence and concludes that the observables satisfy 
the central limit theorem. 

Consider now the dynamical system associated to an endomorphism / of as 
above. Let ^ denote the Borel cr-algebra on and define ^„ := /~"(^). Since 
the measure satisfies = rf^/i, the norms ||E(-|=^„)||j;^2(^) can be expressed 

in terms of the operator A. We have the following lemma. 

Lemma 1.6.8. Let (p he an observable in L'^{^). Then 

E{ip\^^) = A'^ip) o r and ||E(v9|^„)|Up(^) = ||A"(^)|Up(^), 

for 1 < p < 2 . 
Proof. We have 

(/z,^(^or)) = (rf-^"(rr(/i),^(^or)) = (;,,d-'="(r)4^(^o /"•)]) 

= (/i, A"(^)^> = (/., [A"(^) o o r]). 

This proves the first assertion. The invariance of /i implies that Wip o = 
||'?/'||lp(^). Therefore, the second assertion is a consequence of the first one. □ 

Gordin's Theorem ll.6.7[ Corollaries 11.3.101 and 11.3.111 applied to g = 2, give 
the following result. 

Corollary 1.6.9. Let f be an endomorphism of algebraic degree d>2 of¥^ and 
fi its equilibrium measure. Let p be a d.s.h. function or a Holder continuous 
function on P'^, such that = 0. Assume that ip is not a coboundary . Then 

if satisfies the central limit theorem with the variance a > given by 

a':= (/i,^2) + 2^(/i,^(^or)). 

n>l 

We give an interesting decomposition of the space Ll{^) which shows that 
A, acts like a "generalized shift". Recall that Lq{^) is the space of functions 
ip € L'^{fi) such that (fiyip) = 0. Corollary 11.6.91 can also be deduced from the 
following result. 
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Proposition 1.6.10. Let f be an endomorphism of algebraic degree d>2 ofF^ 
and fi the corresponding equilibrium measure. Define 

K := e A"(V^)=0}. 

Then, we have Vn+i = VnQ)Vio f^ as an orthogonal sum and L^fj,) = ©^o^i°/" 
as a Hilbert sum. Let ip = J2'^n°f"', withip^ &Vi, be a function in Lq[ix). Then, 
ip satisfies the Gordin's condition, see Theorem \1.6.1\ if and only if the sum 
X]n>i ^llV'n||/,2(^) is finite. Moreover, ifip is d.s.h. (resp. of class , <2) 
with = 0, then ||^„||l2(;.) < c/"" (resp. ||^„||l2(^) < d-"""^"^). 

Proof. It is easy to check that = o /", 6 G Let Wn+i denote the 

orthogonal complement of Vn in Vn+i- Suppose 9o f^ is in Wn+i- Then, A(^^) = 0. 
This gives the first decomposition in the proposition. 

For the second decomposition, observe that ©^o^i o /" is a direct orthogonal 
sum. We only have to show that UVn is dense in L^lfi). Let 6 be an element in 
nl^. We have to show that ^ = 0. For every n, 6 = 6n o f^ for appropriate 6^- 
Hence, 9 is measurable with respect to the cr-algebra '■= n„>o=^n. We show 
that is the trivial algebra. Let A be an element of ^oo- Define An = f^{A). 
Since A is in ^oo, = lyi„ ° /" and A"(1a) = 1a_„- K- mixing implies that 
A"(l^) converges in L'^{fi) to a constant, see Theorem 11.6.31 So, 1a„ converges 
to a constant which is necessarily or 1. We deduce that converges to 

or 1. On the other hand, we have 

= IaJ = {fi, 1a„ o D = (/i, 1^) = fi{A). 

Therefore, A is of measure or 1. This implies the decomposition of L^lfi). 

Suppose now that ip ■= Yl i^n o /" with A{ipn) = is an element of L^fi). We 
haveE(^|^0 = E.>„>,of. So, 

n>0 n>0 

and ip satisfies Gordin's condition if and only if the last sum is finite. 

Let be a d.s.h. function with {fi,ip) = 0. It follows from Theorem 11.6.41 
that 

sup |(/x,(^o/")^)| <ci-". 

II'^IIl2(^)<i 

Choose (f = 4'n/\\i'n\\L'^{fi)- Tlic above estimate implies that 

The case of 'tS'" observables is proved in the same way. 

Observe that if {ipn o f"')n>o is the sequence of projections of ip on the factors 
of the direct sum ©^o^i°/"' then the coordinates of A{ip) are {ipn^ f"'~^)n>i- □ 
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We continue the study with other types of convergence. Let us recaU the 
almost sure version of the central limit theorem in probability theory. Let Z„ 
be random variables, identically distributed in L'^{X, u), such that E(Z„) = 
and E(Z^) = o"^, a > 0. We say that the almost sure central limit theorem holds 
if at i/-almost every point in X, the sequence of measures 

1 ^ 1 

n=l 

converges in law to the normal distribution of mean and variance a. In partic- 
ular, zz-almost surely 

^ A 1 _J_ P 

logiV^n^n-/^ELV^.<*o} ^ v^aloo' ^ ' 

for any to ^ I^- In the central limit theorem, we only get the i/-measure of the 
set {A^~^/^ ^^Zq < ^o} when goes to infinity. Here, we get an information 
at zz-almost every point for the logarithmic averages. 

The almost sure central limit theorem can be deduced from the so-called al- 
most sure invariance principle (ASIP for short). In the case of i.i.d. random 
variables as above, this principle compares the variables Zjv with Brownian mo- 
tions and gives some information about the fluctuations of Z]^ around 0. 

Theorem 1.6.11. Let (X,^,!/) be a probability space. Let {Zn) be a sequence 
of i.i.d. random variables with mean and variance a > 0. Assume that there 
is an a > such that Zn is in L^"*""(z/). Then, there is another probability space 
{X', z/') with a sequence of random variables S'^ on X' which has the same 
joint distribution as S^r := Yln=o ^n, o,nd a Brownian motion B of variance a on 
X' such that 

|S'jv-B(iV)| < cN^/^-\ 
for some positive constants c,6. It follows that 

|Ar-i/2s'jv-B(l)| < cN-^. 

For weakly dependent variables, this type of result is a consequence of a 
theorem due to Philipp-Stout pTOP] . It gives conditions which imply that the 
ASIP holds. Lacey-Philipp proved in [95j that the ASIP implies the almost 
sure central limit theorem. For holomorphic endomorphisms of P'^, we have the 
following result due to Dupont which holds in particular for Holder continuous 
observables |58j . 

Theorem 1.6.12. Let f be an endomorphism of algebraic degree d > 2 as above 
and fi its equilibrium measure. Let ip be an observable with values m M U {— C)o} 
such that e*^ is Holder continuous, H := {(p = — oo} is an analytic set and 
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\(p\ < I logdist(-, near H for some p > 0. If {fi,(p) = and ip is not a 
cohoundary, then the almost sure invariance principle holds for ip. In particular, 
the almost sure central limit theorem holds for such observables. 

The ASIP in the above setting says that there is a probabihty space (X', v') 
with a sequence of random variables S'^ on X which has the same joint distribu- 
tion as Stv := 'Y1!1=q ° ^ Brownian motion B of variance a on X' such 
that 

|S'^-B(X)| < cN^/^-\ 

for some positive constants c, 6. 

The ASIP imphes other stochastic results, see |109] . in particular, the law of 
the iterated logarithm. With our notations, it implies that for p as above 

iim sup — -^^^=^^^= = 1 /i-a.e. 

N^oo a^y N\og\og{Na'^) 

Dupont's approach is based on the Philipp-Stout's result applied to a Bernoulli 
system and a quantitative Bernoulli property of the equilibrium measure of /, 
i.e. a construction of coding tree. We refer to Dupont and Przytycki-Urbanski- 
Zdunik |110] for these results. Note that Bernoulli property of this measure was 
proved by Briend in [12]. It says that outside sets of measure zero, the system is 
conjugated to a shift. The dimension one case is due to Heicklen-Hoffman [84] . 

The last stochastic property we consider here is the large deviations theorem. 
As above, we first recall the classical result in probability theory. 

Theorem 1.6.13. Let Zi, Z2, . . . be independent random variables on {X, v), 
identically distributed with values in R, and of mean zero, i.e. E(Zi) = 0. Assume 
also that for t G M, exp(tZ„) is integrable. Then, the limit 

Zi + --- + Zn 



lim logz/ 



N 



> e 



exists and /(e) > for e > 0. 

The theorem estimates the size of the set where the average is away from zero, 
the expected value. We have 

Zi + ■ ■ ■ + 



> e 



-Nlie) 



N 

Our goal is to give an analogue for the equilibrium measure of endomorphisms of 
P*^. We first prove an abstract result corresponding to the above Gordin's result 
for the central limit theorem. 

Consider a dynamical system g : (X, ^,1/) ^ (X, z/) as above where u is 
an invariant probability measure. So, g* defines a linear operator of norm 1 from 
L^(z/) into itself. We say that g has bounded Jacobian if there is a constant k > 
such that ulglA)) < nulA) for every A G The following result was obtained 
in 
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Theorem 1.6.14. Let g : {X, v) (X, ^ ., v) he a map with hounded Jacohian 
as ahove. Define '■= Let ip he a hounded real-valued measurahle 

function. Assume there are constants 5 > 1 and c > such that 

(z/, e^"|E(^l-^")-<'''^)l) < c for every n > 0. 

Then ip satisfies a weak large deviations theorem. More precisely, for every e > 0, 
there exists a constant > such that 

N-l 
ra=0 

for all N large enough^. 

We first prove some preliminary lemmas. The following one is a version of 
the classical Bennett's inequality see [321 Lemma 2.4.1]. 

Lemma 1.6.15. Letip he an ohservahle such that \\iI'\\l°°(u) ^ b for some constant 
b > 0, and E{ip) = 0. Then 

for every A > 0. 

Proof. We can assume A = 1. Consider first the case where there is a measurable 
set A such that z/(A) = 1/2. Let tpo be the function which is equal to —b on A and 
to 6 on X \ A. We have ipQ = b"^ > ip'^. Since vi^A) = 1 /2, we have E(^o) = 0. Let 
g{t) = aot"^ + ait-\-a2, be the unique quadratic function such that h(t) := g{t) — e* 
satisfies h{b) = Q and h{-b) = h' {-b) = Q . We have giipo) = e^°. 

Since h"{t) = 2ao — e* admits at most one zero, h' admits at most two zeros. 
The fact that h{—b) = h{b) = implies that h' vanishes in ] — 6, b[. Hence h' 
admits exactly one zero at —b and another one in ] — 6, 6[. We deduce that h" 
admits a zero. This implies that ao > 0. Moreover, h vanishes only at —b, b and 
h'{b) 7^ 0. It follows that h{t) > on [—&,&] because h is negative near +cxo. 
Thus, e* < g{t) on [—&,&] and then < glip). 

Since ao > 0, if an observable satisfies E(0) = 0, then E{g{(f))) is an increasing 
function of E(0^). Now, using the properties of ip and ipo, we obtain 

E(e^) < E{g{i;)) < E(^(z^o)) = E{e^°) = ^I^. 

This completes the proof under the assumption that = 1/2 for some mea- 
surable set A. 

^In the LDT for independent random variables, there is no factor (logiV)^^ in the estimate. 
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The general case is deduced from the previous particular case. Indeed, it is 
enough to apply the first case to the disjoint union of (X, v) with a copy 
(X', v') of this space, i.e. to the space {X UX',^U f + y), and to the 
function equal to on X and on X'. □ 

Lemma 1.6.16. Letip be an observable such that WipWL^^iu) ^ b for some constant 
b>0, and E(^|^i) = 0. Then 

-Ab _|_ Aft 

for every A > 0. 

Proof. We consider the desintegration of u with respect to g. For //-almost every 
X E X, there is a positive measure z/^. on g~^{x) such that if is a function in 
L^iv) then 



X 



{i^,(f) = {iy,(po g) = / {iy^,(fog)di^{x)= / ||z/^.||v9(a;)(iz/(a;). 

Jx 

Therefore, is a probability measure for //-almost every x. Using also the 
invariance of z/, we obtain for cp and (p in L'^i^) that 



(z/,(y9) = / {U^,ip)du{x). 

Since z/ is (^-invariant, we have 



{iy,ip{(j)o g)) = I {u^,(p{(j)o g))du{x) = / {u^, ip)(f){x)du{x) 
{ug^^),ip)(j){g{x))du{x). 



X 

We deduce that 

E{(f\^i){x) = (z/g(^),y?). 

So, the hypothesis in the lemma is that {ux, tp) = for //-almost every x. It 
suffices to check that 

-Ab _|_ Xb 

But this is a consequence of Lemma 11.6.151 applied to z/^. instead of z/. □ 

We continue the proof of Theorem 11.6. 14[ Without loss of generality we 
can assume that (z/, ■?/') = and {ipl < 1. The general idea is to write ijj = 
ip' + {"ip" — 4'" ° 9) foi' functions ip' and ip" in L'^{i') such that 

E(^'o(7"|^„+i) = 0, n>0. 
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In the language of probability theory, these identities mean that {ip' o g^)n>o is 
a reversed martingale difference as in Gordin's approach, see also [123j . The 
strategy is to prove the weak LDT for ip' and for the coboundary if)" — ip" o g. 
Theorem 11.6.141 is then a consequence of Lemmas 11.6.191 and 11.6.211 below. 

Let Ag denote the adjoint of the operator Lp ^ ipog on L'^{v). These operators 
are of norm 1. The computation in Lemma [1.6.161 shows that E{ip\^i) = Ag{{p)og. 
We obtain in the same way that E{(f\^n) = Ag{(p) o g^. Define 

oo 

r := -Y^^aW' ^' := ^ - ' ^ o g). 

n=l 

Using the hypotheses in Theorem 11.6. 14[ we see that ip' and ip" are in L'^{v) with 
norms bounded by some constant. However, we loose the uniform boundedness: 
these functions are not necessarily in L°°{i'). 

Lemma 1.6.17. We have A'^{tjj') = for n > 1 and E{-ip' o g"-\^rn) = for 
m > n > 0. 

Proof. Clearly Ag^ip" o g) = ip" . We deduce from the definition of ip" that 
A,(^') = Ag{^p) - Ag{r) + ° g) = A.(^) - A.(^") + < = 0. 

Hence, Ag{ip') = for n > 1. For every function (p in Iv^(z/), since ly is invariant, 
we have for m > n 

(z/, {ij'og"){<pog^)) = {u,^'{<Pog^--)) = (z/, A™-"(^')0) = 0- 

It follows that E{^p' o g""]^^) = 0. □ 

Lemma 1.6.18. There are constants > 1 ^^'^'^ c > such that 

i^{\f\>b}< ce-^'-' and > h} < ce^^o 

for any b > 0. In particular, tip' and tip" are v-integrahle for every t > 0. 

Proof. Since ip' := ip — {ip" — ip" o g) and ip is bounded, it is enough to prove the 
estimate on ip". Indeed, the invariance of u implies that ip" o g satisfies a similar 
inequahty. 

Fix a positive constant 6i such that 1 < 6f < 6, where 6 is the constant 
in Theorem 11.6.141 Define (f := Yln>i^i"'\^^i'^)\- ^^^^^ show that there is 
a constant a > such that ^{ip > 6} < e""'' for every 6 > 0. Recall that 
E[ip\^n) = ^gii^) ° g"'- Using the hypothesis of Theorem 11.6.141 the inequality 
— invariance of z/, we obtain for 6 > 

u{^>b} < j:'^{\Am>i;^}<j:-{\^(^\^r.)\>^} 

n>l n>l 

n>l n>l 
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It follows that u{ip >b} < e""'' for some constant a > 0. 

We prove now the estimate > b} < ce-^o. It is enough to consider 

the case where 6 = 2/ for some positive integer /. Recall that for simplicity we 
assumed < 1. It follows that |E('?/'|^„)| < 1 and hence |A^('?/')| < 1. We have 

n>l n>l l<n<l 

Consequently, 

> 21} < > Sf] < e-"^?'. 
It is enough to choose 6o < Si and c large enough. □ 

Lemma 1.6.19. The coboundary ip" — ip" o g satisfies the LDT. 

Proof. Given a function G L^ifJ'), recall that Birkhoff's sum SAr(0) is defined 

by 

AT-l 

So(0) := and Siv(0) := ^1 <^ ° ^" for iV > 1. 

n=Q 

Observe that SNi'ip" — ^" ° g) = 'ip" — ^j" o 5'^- Consequently, for a given e > 0, 
using the invariance of z/, we have 



= 2z/||V^"| > 



Lemma 11.6.181 implies that the last expression is smaller than e~^^^ for some 
/ig > and for large enough. This completes the proof. □ 

It remains to show that satisfies the weak LDT. We use the following 
lemma. 

Lemma 1.6.20. For every b > 1, there are Borel sets PVtv such that v{W]^) < 
cNe'^o and 



'X\Wn 

where c> is a constant independent ofb. 



L 



Proof. For iV = 1, define W := {|^'| > 6}, W := g{W) and Wi := g-\W'). 
Recall that the Jacobian of u is of bounded by some constant k. This and Lemma 
11.6.181 imply that 



iy{Wi) = iy{W') = iy{g{W)) < kv{W) < ce~^o 
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for some constant c > 0. We also have 



x\Wi Jx\Wi 2 

So, the lemma holds for = 1. 

Suppose the lemma for > 1, we prove it for + 1. Define 

ly^v+i := 9-\Wn) UW, = g-\Wr, U W). 

We have 



We will apply Lemma [1.6. 161 to the function ip* such that ip* = tp' on X \ Wi and 
ip* = on Wi. By Lemma [1.6. 17[ we have E{iIj*\^i) = since Wi is an element 
of The choice of Wi gives that < b. By Lemma [1.6. 16[ we have 

„-Xb _|_ „A6 

E(e^'^*|^i)< on X for A > 0. 



It follows that 



p-Xb _|_ \b 

E(e"^|^i)< , 



on X\Wi for A > 0. 



Now, using the fact that VTiv+i and e'^^'^'-'^'"^-* are ^^i-measurable, we can write 



X\Wn+i 



jAi/''gASjv(V'o5)^^ 



X\Wn+i 



'X\Wn+i 

Since Wn+i = g^^iW^) U Wi, the last integral is bounded by 



sup E(e^'^'l^i) 

X\Wi 



X\Wn 



< 2 



where the last inequality follows from the induction hypothesis. So, the lemma 
holds for + 1. □ 



The following lemma, together with Lemma 11.6.191 implies Theorem 11.6.221 
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Lemma 1.6.21. The function ip' satisfies the weak LDT. 
Proof. Fix an e > 0. By Lemma [1.6.201 we have, for every A > 

i^{Sn{^') > Ne} < u{Wn) + e-^^' [ e^^'^^^'Uu 

Jx\Wm 



Let b := log A^(log5o)~^- We have 
for N large. We also have 



2 ~ ^ 

n>0 



^ {2n)\ - ■ 



Therefore, if A := ueh ^ with a fixed m > small enough 

-\h _j_ gA6-| TV 



2g~A^. 



2 

for some constant /i^ > 0. We deduce from the previous estimates that 

for large. A similar estimate holds for So, satisfies the weak LDT. □ 

We deduce from Theorem ll.6.14| Corollaries 11.3.101 and 11.3.111 the following 
result S3. 



Theorem 1.6.22. Let f he a holomorphic endomorphism ofF^ of algebraic degree 
d > 2. Then the equilibrium measure fJ^ of f satisfies the weak large deviations 
theorem for bounded d.s.h. observables and also for Holder continuous observ- 
ables. More precisely, if a function ip is bounded d.s.h. or Holder continuous, 
then for every e > there is a constant > such that 

N-l 



n=0 



for all N large enough. 

The exponential estimate on A"(^) is crucial in the proofs of the previous 
results. It is nearly an estimate in sup-norm. Note that if 1 1 A" (■?/') H^oo^^) converge 
exponentially fast to then ip satisfies the LDT. This is the case for Holder 
continuous observables in dimension 1, following a result by Drasin-Okuyama |55] . 
and when / is a generic map in higher dimension, see Remark ll.5.8[ The LDT 
was recently obtained in dimension 1 by Xia-Fu in [129] for Lipschitz observables. 
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Exercise 1.6.1. Show that if a Borel set A satisfies fi{A) > 0, then fi{f^{A)) 
converges to 1. 

Exercise 1.6.2. Show that snp^ In{<f,ip) with smooth ||V^||oo < 1 is equal to 
llv'llLi(^t) ■ Deduce that there is no decay of correlations which is uniform on HV^Hoo- 

Exercise 1.6.3. Let Vi := {-ip G LKfj.), A{tjj) = 0}. Show that Vi is infinite 
dimensional and that bounded functions in Vi are dense in Vi with respect to the 
L'^{fi) -topology. 

Exercise 1.6.4. Let ip be a d.s.h. function as in Corollary \ 1.6. 91 . Show that 

y + ... + ^o r-ii.(^) - na^ + 7 = 0(0, 

where 7 := 2 J2n>i ^(a^' /")) ^■^ « finite constant. Prove an analogous prop- 
erty for if Holder continuous. 



1.7 Entropy, hyperbolicity and dimension 

There are various ways to describe the complexity of a dynamical system. A 
basic measurement is the entropy which is closely related to the volume growth 
of the images of subvarieties. We will compute the topological entropy and the 
metric entropy of holomorphic endomorphisms of P*^. We will also estimate the 
Lyapounov exponents with respect to the measure of maximal entropy and the 
Hausdorff dimension of this measure. 

We recall few notions. Let (X, dist) be a compact metric space where dist is 
a distance on X. Let g : X X he a, continuous map. We introduce the Bowen 
metric associated to g. For a positive integer n, define the distance dist„ on X 
by 

dist„(a;,2/) := sup <list{g\x) , g\y)) . 

0<i<n-l 

We have dist„(a;, y) > e ii the orbits x, g{x), g'^{x), ... of x and y, g{y),g'^{y), ■ ■ ■ 
of y are distant by more than e at a time i less than n. In which case, we say 
that x,y are {n,e) -separated. 

The topological entropy measures the rate of growth in function of time n, of 
the number of orbits that can be distinguished at e-resolution. In other words, it 
measures the divergence of the orbits. More precisely, for K G X, not necessarily 
invariant, let N[K,n,e) denote the maximal number of points in K which are 
pairwise {n, e)-separated. This number increases as e decreases. The topological 
entropy of g on K is 

ht{g,K) := sup limsup — log A^(i^r, n, e). 

e>0 n^oo rL 
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The topological entropy of g is the entropy on X and is denoted by ht{g). The 
reader can check that if g is an isometry, then ht{g) = 0. In complex dynamics, 
we often have that for e small enough, ^ logiV(X, n, e) converge to ht{g). 

Let / be an endomorphism of algebraic degree > 2 of P'^as above. As we 
have seen, the iterate /" of / has algebraic degree c?". If Z is an algebraic set 
in P'^ of codimension p then the degree of f~"{Z), counted with multiplicity, is 
equal to (F deg(Z) and the degree of f^{Z), counting with multiplicity, is equal to 
d^~^ deg(Z). This is a consequence of Bezout's theorem. Recall that the degree of 
an algebraic set of codimension p in P'^ is the number of points in the intersection 
with a generic projective subspace of dimension p. 

The pull-back by / induces a linear map /* : HP'P{F'',C) ^ HP'P{¥''X) 
which is just the multiplication by d^. The constant is the dynamical degree 
of order p of f. Dynamical degrees were considered by Gromov in ^76j where 
he introduced a method to bound the topological entropy from above. We will 
see that they measure the volume growth of the graphs. The degree of maximal 
order d^ is also called the topological degree. It is equal to the number of points 
in a fiber counting with multiplicity. The push-forward by induces a linear 
map /, : HP'P{F'', C) HP'P{F'', C) which is the muhiplication by d'^'P. These 
operations act continuously on positive closed currents and hence, the actions are 
compatible with cohomology, see Appendix lA.ll 

We have the following result due to Gromov [76] for the upper bound and to 
Misiurewicz-Przytycky jr04] for the lower bound of the entropy. 

Theorem 1.7.1. Let f be a holomorphic endomorphism of algebraic degree d 
on P'^. Then the topological entropy ht{f) of f is equal to klogd, i.e. to the 
logarithm of the maximal dynamical degree. 

The inequality ht{f) > klogd is a consequence of the following result which 
is valid for arbitrary maps \TOi\ . 

Theorem 1.7.2 (Misuriewicz-Przytycki) . Let X be a compact smooth orientable 
manifold and g : X ^ X a^^ map. Then 

ht{g) > log| deg(^)|. 

Recall that the degree of g is defined as follows. Let be a continuous form 
of maximal degree on X such that j-^Q ^ 0. Then 

The number is independent of the choice of Q. When X is a complex manifold, 
it is necessarily orientable and deg(5') is just the generic number of preimages of 
a point, i.e. the topological degree of g. In our case, the topological degree of / 
is equal to d'^. So, ht{f) > klogd. 
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Instead of using Misuriewicz-Przytycki theorem, it is also possible to apply 
the following important result due to Yomdin [131j. 

Theorem 1.7.3 (Yomdin). Let X be a compact smooth manifold and g : X X 
a smooth map. Let Y he a manifold in X smooth up to the boundary, then 

limsup — logvolume(5'"(F)) < ht{g), 

n—*oo ri 

where the volume of g^{Y) is counted with multiplicity. 

In our situation, when Y = P'^, we have volume(5'"'(y)) ~ rf'^". Therefore, 
htif) > klogd. We can also deduce this inequality from Theorem 11.7.111 and the 
variational principle below. 

End of the proof of Theorem 11.7.11 It remains to prove that ht{f) < klogd. 
Let r„ denote the graph of (/, . . . , /"~^) in (P^)", i.e. the set of points 

{zJ{z)j\z),...J-\z)) 

with 2; in P*^. This is a manifold of dimension k. Let Hi, i = 0, . . . ,n — 1, denote 
the projections from (P'^)" onto the factors P'^. We use on (P'^)" the metric and 
the distance associated to the Kahler form a;„ := X]n*(co'Fs) induced by the 
Fubini-Study metrics cjfs on the factors P'^, see Appendix lA.ll The following 
indicator lov(/) was introduced by Gromov, it measures the growth rate of the 
volume of r„, 

lov(/) := lim — log volume(r„). 

n— >oo fl 

The rest of the proof splits into two parts. We first show that the previous limit 
exists and is equal to klogd and then we prove the inequality ht{f) < lov(/). 

Using that Ho : r„ ^ P'^ is a bi-holomorphic map and that /* = njo(no|r„)~^, 
we obtain 

A;!volume(r„) = j ^n= I n;(^Fs) A . . . A n*^(^Fs) 

- J2 f {n*i^Fs)A...A{f''^ri^Fs). 

The last sum contains n'^ integrals that we can compute cohomologically. The 
above discussion on the action of on cohomology implies that the last integral 
is equal to d^^'^""^^'' < d^". So, the sum is bounded from above by n^d^'^. When 
Zi = ■ ■ ■ = ifc = 77, — 1, we see that A;!volume(r„) > d^""^)'^. Therefore, the limit 
in the definition of lov(/) exists and is equal to klogd. 

For the second step, we need the following classical estimate due to Lelong 
[HS] , see also Appendix IA.2I 
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Lemma 1.7.4 (Lelong). Let A be an analytic set of pure dimension k in a ball 
Br of radius r in C^. Assume that A contains the center of Br- Then the 2k- 
dimensional volume of A is at least equal to the volume of a ball of radius r in 
. In particular, we have 

volume (A) > Cfcr^'^, 

where Ck > is a constant independent of N and of r. 

We prove now the inequality ht{f) < lov(/). Consider an (n, e)-separated 
set ^ in P'^. For each point a G d^, let a^"'^ denote the corresponding point 
(a, /(a), . . . , in r„ and Ba^n the ball of center a^"^ and of radius e/2 in 

(P*^)"'. Since ^ is (n, e)-separated, these balls are disjoint. On the other hand, 
by Lelong's inequality, volume(r„ fl -Ba,n) > c'^^^*^, c'^ > 0. Note that Lelong's 
inequahty is stated in the Euchdean metric. We can apply it using a fixed atlas 
of P'^ and the corresponding product atlas of (P'^)"^, the distortion is bounded. 
So, < c'^~^e~^'^volume(r„) and hence, 

-log#^ < -log(volume(r„)) + 0f-y 

n n \n/ 

It follows that htif) < lov(/) = klogd. □ 

We study the entropy of / on some subsets of P'^. The following result is due 
to de Thelin and Dinh [551 EH] ■ 

Theorem 1.7.5. Let f be a holomorphic endomorphism o/P^ of algebraic degree 
d > 2 and its Julia set of order p, 1 < p < k. If K is a subset o/P'^ such 
that Kn = 0, then ht{f, K) < {p - 1) logrf. 

Proof. The proof is based on Gromov's idea as in Theorem 11.7.11 and on the speed 
of convergence towards the Green current. Recall that is the support of the 
Green (p,p)-current of /. Fix an open neighbourhood W oi K such that 
W (^F'^\ supp(T^). Using the notations in Theorem ll.T.H we only have to prove 
that 

lov(/, W) := limsup -logvolume(no^(iy) n r„) < (p - 1) logd. 

n— »oo ri 

It is enough to show that volume(nQ ^(ly) fl r„) < n'^d^^"^^"'. As in Theorem 
I1.7.H it is sufficient to check that for < Ui < n 

f (r^)*(^Fs) A ... A (r^)*(a;Fs) < d^'-'^\ 
Jw 

To this end, we prove by induction on [r, s), < r < p and 0<s<k — p + r, 
that 

^ (/«i)*(^ps) A ... A (rO*(^Fs)|k.,. < Cr,sd-^'-'\ 
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where Wr^s is a neighbourhood of W and c^^s > is a constant independent of n 
and of rii. We obtain the resuh by taking r = p and s = k. 

It is clear that the previous inequahty holds when r = and also when s = 0. 
In both cases, we can take Wr,s = P'^ \ supp(TP) and Cr,s — 1- Assume the 
inequality for (r — 1, s — 1) and (r, s — 1). Let Wr^s be a neighbourhood of W 
strictly contained in Wr-i^s-i and Wr^s-i- Let x ^ be a smooth cut-off function 
with support in VFr-i,s-i H Wr,s-i which is equal to 1 on Wr,s- We only have to 
prove that 

If g is the Green function of /, we have 
The above integral is equal to the sum of the following integrals 

j ^,.r+i ^ (/«.)*(^p3) A ... A irrM A x4s'^'-^ 

and 

- J T^-^ A dd%g oDA irTM A ... A irTM A X^s'^'-^ 

Using the case of (r — 1, s — 1) we can bound the first integral by cd'^^^~^K Stokes' 
theorem implies that the second integral is equal to 

- J T^-^ A {rTM A ... A (rO*Ks) A (g o Ddd^x A ^s^^'^^ 
which is bounded by 

iigiiooiixih^^iiT^-'^ A {rr{u^s) A ... A (ri*(cuFs)ik.,._. 

since x has support in W^^s-i- We obtain the result using the (r, s — 1) case. □ 

The above result suggests a local indicator of volume growth. Define for 
a e P'^ ^ 

lov(/, a) :— inf limsup — log volume (no^( -Br) ^ r„), 
r->o n 

where Bj. is the ball of center a and of radius r. We can show that if a e ^p+i 
and if Bj. does not intersect ^p+i, the above limsup is in fact a limit and is equal 
to plogd. One can also consider the graph of /" instead of r„. The notion can 
be extended to meromorphic maps and its sub-level sets are analogues of Julia 
sets. 
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We discuss now the metric entropy, i.e. the entropy of an invariant measure, 
a notion due to Kolgomorov-Sinai. Let g : X —>■ X he map on a space X which 
is measurable with respect to a cx-algebra Let u be an invariant probabihty 
measure for g. Let C, = ■ ■ ■ , ^m} be a measurable partition of X. The entropy 
of u with respect to is a measurement of the information we gain when we 
know that a point x belongs to a member of the partition generated by g~^{C,) 
with < i < n — 1. 

The information we gain when we know that a point x belongs to C,i is a 
positive function I{x) which depends only on i^(^i), i.e. J(x) = The 
information given by independent events should be additive. In other words, we 
have 

for i 7^ j. Hence, (p{t) = —clogt with c > 0. With the normalization c = 1, the 
information function for the partition ^ is defined by 

I^ix) :=5^-logz/(^,)l5^(a;). 

The entropy of ^ is the average of 7^: 

It is useful to observe that the function t i— ^ —tlogt is concave on ]0, 1] and has 
the maximal value at e~^. 

Consider now the information obtained if we measure the position of the 
orbit X, g{x), . . . , g"'~^{x) relatively to ^. By definition, this is the measure of the 
entropy of the partition generated by ^, g~^{^), ■ ■ ■ , which we denote by 

Vr=o^ 9~^i0- The elements of this partition are fl g^^{C,i2) H . . . fl 
It can be shown |127] that 

^ n— 1 

K{g,0 ■■= lim -H{\/ g-\0) 

1=0 

exists. The entropy of the measure v is defined as 

K{g) ■■= snpK{g,^). 
i 

Two measurable dynamical systems g on {X, u) and g' on (X', u') are 
said to be measurably conjugate if there is a measurable invertible map n : X ^ 
X' such that it o g = g' o it and 7r*(z^) = z/'. In that case, we have hu{g) = h^/{g'). 
So, entropy is a conjugacy invariant. Note also that h^{g") = nh^{g) and if g is 
invertible, h^{g^) = \n\h^{g) for n G Z. Moreover, if (7 is a continuous map of 
a compact metric space, then u 1— >■ h,y{g) is affine function on the convex set of 
(yf-invariant probability measures [9T I p. 164]. 
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We say that a measurable partition ^ is a generator if up to sets of measure 
zero, ^ is the smallest a-algebra containing ^ which is invariant under g~^. A 
finite partition ^ is called a strong generator for a measure preserving dynamical 
system {X,^,h',g) as above, if \/^ofi'~"(0 = ^ up to sets of zero //-measure. 
The following result of Kolmogorov- Sinai is useful in order to compute the entropy 

Theorem 1.7.6 (Kolmogorov-Sinai). Let ^ be a strong generator for the dynam- 
ical system {X, ^ g) as above. Then 

Kig) = h^{g,^). 

We recall another useful theorem due to Brin-Katok [23j which is valid for 
continuous maps g : X ^ X on a. compact metric space. Let -B^(x, 6) denote the 
ball of center x and of radius 6 with respect to the Bowen distance dist„. We call 
B!^{x,6) the Bowen {n, 6) -ball. Define local entropies of an invariant probability 
measure u by 

h^{g,x) := suplimsup log z/(i?,^(x, 5)) 

(5>0 n— >oo ri 

and ^ 

h^{g,x) := sup liminf log u^B^i^x, 6)). 

Theorem 1.7.7 (Brin-Katok). Let g : X X be a continuous map on a compact 
metric space. Let v be an invariant probability measure oj finite entropy. Then, 
h^{g,x) = h~{g,x) and h^{g,g{x)) = h^{g,x) for u-almost every x. Moreover, 
{h',h^{g,-)) is equal to the entropy h^{g) of v. In particular, if v is ergodic, we 
have hy{g,x) = hy{g) v-almost everywhere. 

One can roughly say that u{B'}^{x,5)) goes to zero at the exponential rate 
Q-hu{g) fQj^ ^ small. We can deduce from the above theorem that if F C X is 
a Borel set with viY) > 0, then ht{g,Y) > h^{g). The comparison with the 
topological entropy is given by the variational principle [OTl I127j . 

Theorem 1.7.8 (variational principle). Let g : X ^ X be a continuous map on 
a compact metric space. Then 

sup h^{g) = ht{g), 

where the supremum is taken over the invariant probability measures v. 

Newhouse proved in jlOGj that if (7 is a smooth map on a smooth compact 
manifold, there is always a measure v of maximal entropy, i.e. hij{g) = ht{g). 
One of the natural question in dynamics is to find the measures which maximize 
entropy. Their supports are in some sense the most chaotic parts of the system. 
The notion of Jacobian of a measure is useful in order to estimate the metric 
entropy. 
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Let g : X ^ X he a measurable map as above which preserves a probabihty 
measure u. Assume there is a countable partition (^j) of X, such that the map 
g is injective on each ^j. The Jacobian Ju{g) of g with respect to u is defined as 
the Radon-Nikodym derivative of g*{i') with respect to u on each ^j. Observe 
that is well-defined on since g restricted to C,i is injective. We have the 

following theorem due to Parry |107j . 

Theorem 1.7.9 (Parry). Let g, v he as above and Ju{g) the Jacobian of g with 
respect to v. Then 



We now discuss the metric entropy of holomorphic maps on P'^. The following 
result is a consequence of the variational principle and Theorems 11.7.11 and 11.7.51 

Corollary 1.7.10. Let f be an endomorphism of algebraic degree d > 2 ofF^. 
Let V be an invariant probability measure. Then h^{f) < klogd. If the support 
of u does not intersect the Julia set of order p, then h,^{f) < (p — 1) logci. 

In the following result, the value of the metric entropy was obtained in [2T |lll6j 
and the uniqueness was obtained by Briend-Duval in [21] . The case of dimension 
1 is due to Freire-Lopes-Mafie [73] and Lyubich [97] . 

Theorem 1.7.11. Let f be an endomorphism of algebraic degree d > 2 of . 
Then the equilibrium measure fi of f is the unique invariant measure of maximal 
entropy klogd. 

Proof. We have seen in Corollary 11.7.101 that h^{f) < klogd. Moreover, /i has 
no mass on analytic sets, in particular on the critical set of /. Therefore, if / 
is injective on a Borel set K, then /*(li<') = if{K) and the total invariance of 
/i implies that fi{f{K)) = d^n^K). So, /z is a measure of constant Jacobian d^. 
It follows from Theorem 11.7.91 that its entropy is at least equal to k log d. So, 



Assume now that there is another invariant probability measure v of entropy 
k log d. We are looking for a contradiction. Since entropy is an affine function on 
i/, we can assume that v is ergodic. This measure has no mass on proper analytic 
sets of P'^ since otherwise its entropy is at most equal to {k — 1) log c?, see Exercise 
ll.7.1l below. By Theorem 11.4. 11 v is not totally invariant, so it is not of constant 
Jacobian. Since /i has no mass on critical values of /, there is a simply connected 
open set [/, not necessarily connected, such that f~^{U) is a union f/i U . . . U U^k 
of disjoint open sets such that f : Ui —>■ U is bi-holomorphic. One can choose U 
and Ui such that the Ui do not have the same //-measure, otherwise n = u. So, 
we can assume that z/(f/i) > d^^. This is possible since two ergodic measures are 
multually singular. Here, it is necessarily to chose U so that yu(P^ \ U) is small. 

Choose an open set W <^ Ui such that uiW) > a for some constant a > d~^. 
Let m be a fixed integer and let Y be the set of points x such that for every 




h^^U) = klogd. 
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n > m, there are at least na points f^{x) with < i < n — 1 which belong to W. 
If m is large enough, Birkhoff 's theorem implies that Y has positive //-measure. 
By Brin-Katok's theorem II. 7. 7[ we have ht{f,Y) > h^{f) = klogd. 

Consider the open sets ^^^^a • — ^-^ctQ X ■ ■ ■ X ^a„_i in (P'^)" such that there are 
at least na indices equal to 1. A straighforward computation shows that the 
number of such open sets is < d^''"' for some constant p < 1. Let denote the 
union of these Using the same arguments as in Theorem I1.7.H we get that 

klogd < htif, Y) < lim - logvolume(r„ n y„) 

and 

fc!volume(r„ n r„) = Yl H I (^^s) A ... A B*^ (^ps)- 

Fix a constant A such that p < A < 1. Let I denote the set of multi- indices 
i = {ii, . . . ,ik) in {0, . . . ,n — 1}'' such that is > n\ for every s. We distinguish 
two cases where i ^ I or i E I. In the first case, we have 

Y [ K (^Fs) A ... A B*^ (^Fs) < / n*^ (^Fs) A ... A B*^ (^fs) 



since ii + ■ ■ ■ + ik ^ {k — 1 + X)n. 

Consider the second case with multi-indices i E I. Let q denote the integer 
part of An and Wa the projection of r„ fl on P'^ by Bq. Observe that the 
choice of the open sets Ui implies that f is injective on Wa. Therefore, 

Y I B*^(u;fs)A...AB*^(^fs) 

< E / (rr(^Fs)A...A(r'=r(^Fs) 

= J2 f (/T[(r-TKs)A...A(f'=-^rKs)] 

< E/ (r-T(^Fs)A...A(r'=-T(^Fs). 

Recall that the number of open sets is bounded by d^P^. So, the last sum is 
bounded by 

(lkpn^{h-q)+---+{ik-q) ^ ^kpn^k{n-q) < ^fc(l+p-A)n 
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Finally, since the number of multi- indices i is less than n'^, we deduce from 
the above estimates that 

fc!volume(r„ n Yn) < n^ci(^-i+^)" + 

This contradicts the above bound from below of volume(r„ fl Yn)- CD 

The remaining part of this paragraph deals with Lyapounov exponents as- 
sociated to the measure /i and their relations with the Hausdorff dimension of 
H- Results in this direction give some information about the rough geometrical 
behaviour of the dynamical system on the most chaotic locus. An abstract theory 
was developed by Oseledec and Pesin, see e.g. [91]. However, it is often difficult 
to show that a given dynamical system has non-vanishing Lyapounov exponents. 
In complex dynamics as we will see, the use of holomorphicity makes the goal 
reachable. We first introduce few notions. 

Let A be a linear endomorphism of M*'. We can write M.^ as the direct sum Q)Ei 
of invariant subspaces on which all the complex eigenvalues of A have the same 
modulus. This decomposition of M'^ describes clearly the geometrical behaviour 
of the dynamical system associated to A. An important part in the dynamical 
study with respect to an invariant measure is to describe geometrical aspects 
following the directional dilation or contraction indicators. 

Consider a smooth dynamical system g : X ^ X and an invariant ergodic 
probability measure u. The map g induces a linear map from the tangent space at 
X to the tangent space at g{x). This linear map is given by a square matrix when 
we fix local coordinates near x and g{x). It is convenient in this setting to use 
local coordinates depending smoothly on the point x. Then, we obtain a smooth 
function on X with values in GL(]R, k) where k denotes the real dimension of 
X. We will study the sequence of such functions associated to the sequence of 
iterates ((7") of g. 

Consider a more abstract setting. Let g : X ^ X he a measurable map and 
i> an invariant probability measure. Let A : X ^ GL(]R, fc) be a measurable 
function. Define for n > 

Anix) ■.= Aig^-\x))...A{x). 

These functions satisfy the identity 

for n,m>0. We say that the sequence {An) is the multiplicative cocycle over X 
generated by A. 

The following Oseledec's multiplicative ergodic theorem is related to the King- 
man's sub-multiplicative ergodic theorem [91^ \127\ . It can be seen as a general- 
ization of the above property of a single square matrix A. 
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Theorem 1.7.12 (Oseledec). Let g : X X , u and the cocycle {An) be as 
above. Assume that v is ergodic and that \og^ ||y4^^(a;)|| are in L^{i^). Then there 
is an integer m, real numbers xi < ■ ■ ■ < Xm, and for v-almost every x, a unique 
decomposition of M.'' into a direct sum of linear subspaces 

m 

i=l 

such that 

1. The dimension of Ei{x) does not depend on x. 

2. The decomposition is invariant, that is, A{x) sends Ei{x) to Ei{g{x)). 

3. We have locally uniformly on vectors v in Ei{x) \ {0} 

lim - \og\\An{x) ■ v\\ = Xi- 

n^oo fl 

4- For S G {1, . . . , m}, define Es{x) := (BiesEi{x). If S, S' are disjoint, then 
the angle between Es{x) and Es'{x) is a tempered function, that is, 

lim -logsm\Z{Es{g"{x)),Es>{g''{x))) \ = 0. 

n— >oo n 

The resuh is stiU vahd for non-ergodic systems but the constants m and 
Xi should be replaced by invariant functions. If g is invertible, the previous 
decomposition is the same for g~^ where the exponents Xi ci-re replaced by —Xi- 
The result is also valid in the complex setting where we replace M by C and 
GL(M, k) by GL(C, k). In this case, the subspaces Ei{x) are complex. 

We now come back to a smooth dynamical system g : X X on a compact 
manifold. We assume that the Jacobian J{g) of g associated to a smooth volume 
form satisfies {u, log J{g)) > — oo. Under this hypothesis, we can apply Oseledec's 
theorem to the cocycle induced by g on the tangent bundle of X; this allows to 
decompose, i/-almost everywhere, the tangent bundle into invariant sub-bundles. 
The corresponding constants Xi are called Lyapounov exponents of g with respect 
to u. The dimension of Ei is the multiplicity of Xi- These notions do not depend 
on the choice of local coordinates on X. The Lyapounov exponents of g"' are 
equal to nxi- We say that the measure u is hyperbolic if no Lyapounov exponent 
is zero. It is not difficult to deduce from the Oseledec's theorem that the sum of 
Lyapounov exponents of z/ is equal to (z/, log J((?)). The reader will find in [91] a 
theorem due to Pesin, called the e-reduction theorem, which generalizes Theorem 
11.7.121 It gives some coordinate changes on M'^ which allow to write A{x) in the 
form of a diagonal block matrix with explicit estimates on the distortion. 
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The following result due to Briend-Duval [20], shows that endomorphisms 
in P'^ are expansive with respect to the equilibrium measures. We give here a 
new proof using Proposition ll.4.7[ Note that there are k Lyapounov exponents 
counted with multiplicity. If we consider these endomorphism as real maps, we 
should count twice the Lyapounov exponents. 

Theorem 1.7.13. Let f be a holomorphic endomorphism of algebraic degree 
d>2 of¥^. Then the equilibrium measure fi of f is hyperbolic. More precisely, 
its Lyapounov exponents are larger or equal to ^logd. 

Proof. Since the measure /i is PB, quasi-p.s.h. functions are /i-integrable. It 
is not difficult to check that if J{f) is the Jacobian of / with respect to the 
Fubini-Study metric, then log J(/) is a quasi-p.s.h. function. Therefore, we can 
apply Oseledec's theorem 11.7.121 We deduce from this result that the smallest 
Lyapounov exponent of fi is equal to 

1 

X := lim log 

n^oo n 

for /i-almost every x. By Proposition 11.4.71 there is a ball B of positive /i measure 
which admits at least ^d^"" inverse branches Qi : B —* Ui for /" with Ui of diameter 
< (i""/^. If we slightly reduce the ball B, we can assume that ||-D(7i|| < Ad~"^'^ 
for some constant A > 0. This is a simple consequence of Cauchy's formula. It 
follows that ||(Z}/")^^|| < Ad^"^'^ on Ui. The union Vn of the Ui is of measure at 
least equal to \fi{B). Therefore, by Fatou's lemma, 

]:H{B) < limsup(/i, Ivr) < (/i,limsuply„) = (/x, liimsupy„)- 

Hence, there is a set K := lim sup K„ of positive measure such that if x is in K., 
we have < Ad~^/'^ for infinitely many of n. The result follows. □ 

Note that in a recent work [36], de Thelin proved that for any invariant 
measure v of entropy strictly larger than {k — 1) logd, the Lyapounov exponents 
are strictly positive with some explicit estimates from below. 

The Hausdorff dimension dimi^(t/) of a probability measure i> on is the 
infimum of the numbers a > such that there is a Borel set K of Hausdorff 
dimension a of full measure, i.e. i^{K) = 1. Hausdorff dimension says how 
the measure fills out its support. The following result was obtained by Binder- 
DeMarco [13] and Dinh-Dupont [H]. The fact that fi has positive dimension 
has been proved in [116] : indeed, a lower bound is given in terms of the Holder 
continuity exponent of the Green function g. 

Theorem 1.7.14. Let f be an endomorphism of algebraic degree d > 2 of ¥^ 
and fi its equilibrium measure. Let xi, ■ ■ ■ ,Xk denote the Lyapounov exponents of 
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ordered by xi ^ ' ' ' ^ Xk cind S their sum. Then 

Xi Xi 

The proof is quite technical. It is based on a dehcate study of the inverse 
branches of balls along a generic negative orbit. We will not give the proof here. 
A better estimate in dimension 2, probably the sharp one, was recently obtained 
by Dupont. Indeed, Binder-DeMarco conjecture that the Hausdorff dimension of 
fi satisfies 

logrf logd 
dimH{fi) = \ \ 

Xi Xk 

Dupont gives in fJS] results in this direction. 



Exercise 1.7.1. Let X be an analytic subvariety of pure dimension p in f^. Let f 
be an endomorphism of algebraic degree d > 2 of¥^. Show that ht{f, X) < plogd. 

Exercise 1.7.2. Let f : X —>■ X be a smooth map and K an invariant compact 
subset of X. Assume that K is hyperbolic, i.e. there is a continuously varying 
decomposition TX\k = E®F of the tangent bundle of X restricted to K, into the 
sum of two invariant vector bundles such that ||-D/|| < 1 on E and \\{Df)~^\\ < 1 
on F for some smooth metric near K . Show that f admits a hyperbolic ergodic 
invariant measure supported on K . 

Exercise 1.7.3. Let f : X X be a holomorphic map on a compact complex 
manifold and let v be an ergodic invariant measure. Show that in Theorem 1.7.12\ 



applied to the action of f on the complex tangent bundle, the spaces Ei[x) are 
complex. 

Exercise 1.7.4. Let a > be a constant. Show that there is an endomorphism f 
o/P*"' such that the Hausdorff dimension of the equilibrium measure of f is smaller 
than a. Show that there is an endomorphism f such that its Green function g is 
not a-Holder continuous. 



Notes. We do not give here results on local dynamics near a fixed point. If this 
point is non-critical attractive or repelling, a theorem of Poincare says that the map is 
locally conjugated to a polynomial map |119j . Maps which are tangent to the identity 
or are semi-attractive at a fixed point, were studied by Abate and Hakim [Tj [80 l ISTl [82] . 
Dynamics near a super-attractive fixed point in dimension k = 2 was studied by Favre- 
Jonsson using a theory of valuations in [63] . 

The study of the dynamical system outside the support of the equilibrium measure 
is not yet developped. Some results on attracting sets, attracting currents, etc. were 
obtained by de Thelin, Dinh, Fornaess, Jonsson, Sibony, Weickert [M l [36 | [39 l [71 } [72 | [89] . 
see also Mihailescu and Urbanski [1011 1102] . 
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In dimension 1, Fatou and Julia considered their theory as an investigation to 
solve some functional equations. In particular, they found all the commuting pairs 
of polynomials |6H I90j. see also Ritt [lllj and Eremenko [60] for the case of rational 
maps. Commuting endomorphisms of P'^ were studied by the authors in [45j. A large 
family of solutions are Lattes maps. We refer to Berteloot, Dinh, Dupont, Loeb, Molino 
[TOl [TH [121 [33 [57] for a study of this class of maps, see also Milnor [103j for the case 
of dimension 1. 

We do not consider here bifurcation problems for families of maps and refer to 
Bassanelli-Berteloot [5J and Pham |108j for this subject. Some results will be presented 
in the next chapter. 

In |134j . Zhang considers some links between complex dynamics and arithmetic 
questions. He is interested in polarized holomorphic maps on Kahler varieties, i.e. maps 
which multiply a Kahler class by an integer. If the Kahler class is integral, the variety 
can be embedded into a projective space P'^ and the maps extend to endomorphisms 
of P'^. So, several results stated above can be directely applied to that situation. In 
general, most of the results for endomorphisms in P'^ can be easily extended to general 
polarized maps. In the unpublished preprint [H], the authors considered the situation 
of smooth compact Kahler manifolds. We recall here the main result. 

Let {X,uj) be an arbitrary compact Kahler manifold of dimension k. Let / be a 
holomorphic endomorphism of X. We assume that / is open. The spectral radius of /* 
acting on HP'P(X, C) is called the dynamical degree of order p of /. It can be computed 
by the formula 



The last degree d/^ is the topological degree of /, i.e. equal to the number of points in 
a generic fiber of /. We also denote it by dt- 

Assume that dt > dp for 1 < p < k — 1. Then, there is a maximal proper analytic 
subset S' of X which is totally invariant by /, i.e. f~^{<^) = f{<^) = If is a Dirac 
mass at a , then d~[^{f^)*{5a) converge to a probability measure /i, which does 
not depend on a. This is the equilibrium measure of /. It satisfies f*{^j) = dtfj, and 
= fi. If J is the Jacobian of / with respect to o;'^ then (^,log J) > log dt- The 
measure /i is K-mixing and hyperbolic with Lyapounov exponents larger or equal to 
^log{dt/dk-i)- Moreover, there are sets of repelling periodic points of order n, on 
supp(/i) such that the probability measures equidistributed on converge to n, as n 
goes to infinity. If the periodic points of period n are isolated for every n, an estimate 
on the norm of (/")* on HP''^(X,C) obtained in [38], implies that the number of these 
periodic points is (i"+o((i"). Therefore, periodic points are equidistributed with respect 
to fi. We can prove without difficulty that n is the unique invariant measure of maximal 
entropy log dt and is moderate. Then, we can extend the stochastic properties obtained 
for P'^' to this more general setting. 

When / is polarized by the cohomology class [lo] of a Kahler form lo, there is a 
constant A > 1 such that f*[uj] = X[uj]. It is not difficult to check that dp = A^. The 
above results can be applied for such a map when A > 1. In which case, periodic points 
of a given period are isolated. 




Chapter 2 

Polynomial- like maps in higher 
dimension 

In this chapter we consider a large family of holomorphic maps in a semi-local 
setting: the polynomial-like maps. They can appear as a basic block in the 
study of some meromorphic maps on compact manifolds. The main reference for 
this chapter is our article [16] where the dd'^-method in dynamics was introduced. 
Endomorphisms of can be considered as a special case of polynomial-like maps. 
However, in general, there is no Green (1, l)-current for such maps. The notion of 
dynamical degrees for polynomial-like maps replaces the algebraic degree. Under 
natural assumptions on dynamical degrees, we prove that the measure of maximal 
entropy is non-uniformly hyperbolic and we study its sharp ergodic properties. 

2.1 Examples, degrees and entropy 

Let \^ be a convex open set in C'^ and f/ d F an open subset. A proper holo- 
morphic map f : U ^ V is called a polynomial-like map. Recall that a map 
f : U ^ V is proper if f~^{K) d U for every compact subset K of V. The map 
/ sends the boundary of U to the boundary of V; more precisely, the points near 
dU are sent to points near dV. So, polynomial-like maps are somehow expansive 
in all directions, but the expansion is in the geometrical sense. In general, they 
may have a non-empty critical set. A polynomial-like mapping f : U ^ V de- 
fines a ramified covering over V. The degree dt of this covering is also called the 
topological degree. It is equal to the number of points in a generic fiber, or in any 
fiber if we count the multiplicity. 

Polynomial-like maps are characterized by the property that their graph F 
in [/ X y is in fact a submanifold of V x V, that is, F is closed in V x V. So, 
any small perturbation of / is polynomial-like of the same topological degree dt, 
provided that we reduce slightly the open set V. We will construct large families 
of polynomial-like maps. In dimension one, it was proved by Douady-Hubbard 
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[HI] that such a map is conjugated to a polynomial via a Holder continuous home- 
omorphism. Many dynamical properties can be deduced from the corresponding 
properties of polynomials. In higher dimension, the analogous statement is not 
valid. Some new dynamical phenomena appear for polynomial-like mappings, 
that do not exist for polynomial maps. We use here an approach completely 
different from the one dimensional case, where the basic tool is the Riemann 
measurable mapping theorem. 

Let / : C*^ — > be a holomorphic map such that the hyperplane at infinity 
is attracting in the sense that > for some constant A > 1 and 

for ||2;|| large enough. If V" is a large ball centered at 0, then U := f~^{V) is 
strictly contained in V. Therefore, f : U ^ V is a polynomial-like map. Small 
transcendental perturbations of /, as we mentioned above, give a large family 
of polynomial-like maps. Observe also that the dynamical study of holomorphic 
endomorphisms on F'' can be reduced to polynomial-like maps by lifting to a 
large ball in C'^^^. We give now other explicit examples. 

Example 2.1.1. Let / = (/i, . . . , /fc) be a polynomial map in C'^, with deg = 
di > 2. Using a conjugacy with a permutation of coordinates, we can assume 
that di > ■ ■ ■ > dk- Let denote the homogeneous polynomial of highest 
degree in If {f^ = ■ ■ ■ = = 0} is reduced to {0}, then / is polynomial-like 
in any large ball of center 0. Indeed, define d := di . . .dk and vr(zi, . . . ,Zk) : = 
{zf^'^^ , . . . , z'jj'^'' ). Then, vr o / is a polynomial map of algebraic degree d which 
extends holomorphically at infinity to an endomorphism of P'^. Therefore, ||7r o 
^ Ikll'' 1 1 -2 1 1 large enough. The estimate ^ ll-^ll'^* near infinity 

follows easily. If we consider the extension of / to P'^, we obtain in general a 
meromorphic map which is not holomorphic. Small pertubations of / may have 
indeterminacy points in C'^ and a priori, indeterminacy points of the sequence 
(/")„>! may be dense in P'^. 

Examples 2.1.2. The map (zi, Z2) 1— > {z'l + az2, zi), a ^ 0, is not polynomial-like. 
It is invertible and the point [0 : : 1] at infinity, in homogeneous coordinates 
[zq : Zi : Z2], is an attractive fixed point for f~^. Hence, the set J(f of points 
2; G with bounded orbit, clusters at [0 : : 1]. 

The map f{zi,Z2) := {z2,2zi), d > 2, is polynomial-like in any large ball of 
center 0. Considered as a map on P^, it is only meromorphic with an indeter- 
minacy point [0:1:0]. On a fixed large ball of center 0, the perturbed maps 
:= {z2 + ee^\ 2zi + ee^^) are polynomial-like, in an appropriate open set U. 

Consider a general polynomial-like map f '■ U V oi topological degree 
dt > 2. We introduce several growth indicators of the action of / on forms or 
currents. Define /"":=/ o ■■■ o /, n times, the iterate of order n of /. This map 
is only defined on ?7_„ := The sequence (f/„„) is decreasing: we have 

f/__„_i = /~^(f/_„) d f/_„. Their intersection := n„>o?7-n is a non-empty 
compact set that we call the filled Julia set of /. The filled Julia set is totally 
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invariant: we have f~^{J^) = J(f which impUes that f{^) = J^- Only for x in 
J^, the infinite orbit x, f{x), P{x), ... is well-defined. The preimages f~^{x) by 
/" are defined for every n > and every a; in V^. 

Let ijj :— ddf^WzW^ denote the standard Kahler form on C'^. Recall that the mass 
of a positive (p,p)-current 5" on a Borel set K is given by \\S\\k '■— J^*? A uj^~'p. 
Define the dynamical degree of order p of /, for < p < /c, by 

d,{f) := hmsup ||(r)*(a;^-^)||^" = limsup \\{rn^%'-\wv 

n— >oo n— >oo 

where W <^V \s a, neighbourhood of . For simplicity, when there is no confu- 
sion, this degree is also denoted by dp. Wc have the following lemma. 

Lemma 2.1.3. The degrees dp do not depend on the choice ofW. Moreover, we 
have do < 1, dk = df and the dynamical degree of order p of f^ is equal to d^. 

Proof. Let W G W he another neighbourhood of J^. For the first assertion, we 
only have to show that 

limsup \\{fn^n\\'/-\w) < linisup \\{fn^n\\'/-\w'y 

n^oo n— »oo 

By definition of J^, there is an integer A'" such that f~^{V) d W. Since 
{f^)*{u;P) is smooth on f~^{V), we can find a constant A > such that 
If^ylujP) < AujP on f-^{W). We have 

limsup ii(r)*K)iiy:i(^) = limsup||(r-^)*((n*K))||y_:,.(^_.(^)) 

fn-N\*(, 



< lim_sup||A(r-^)*K)||y_:,,(^,) 

|l/n 

\f-^{w'y 



= limsup II II'/" 



This proves the first assertion. 

It is clear from the definition that d^ < 1. Since / has topological degree dt 
the pull-back of a positive measure multiplies the mass by dt. Therefore, dk = dt. 
For the last assertion of the lemma, we only have to check that 



limsup ||(r)*K)||y_"„(^) < hmsup ||(r^)*K)||y"^^ 



To this end, we proceed as above. Write n — ms -\- r with < r < m — 1. We 
obtain the result using that {f^)*{u;P) < Alo^ on a fixed neighbourhood of for 
<r <m-l. □ 

The main result of this paragraph is the following formula for the entropy. 

Theorem 2.1.4. Let f : U ^ V be a polynomial-like map of topological degree 
dt > 2. Let be the filled Julia set of f. Then, the topological entropy of f on 
is equal to ht{f, J^) = log dt- Moreover, all the dynamical degrees dp of f are 
smaller or equal to dt- 
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We need the following lemma where we use standard metrics on Euclidean 
spaces. 

Lemma 2.1.5. Let V be an open set of , U a relatively compact subset of V 
and L a compact subset ofC. Let n denote the canonical projection from C™" x V 
onto V. Suppose T is an analytic subset of pure dimension k o/C™ x V contained 
in X V . Assume also that tt : F — > y defines a ramified covering of degree dr- 
Then, there exist constants c > 0, s > 0, independent of F and m, such that 

volume(r n X t/) < cm'dv. 

Proof. Since the problem is local on V, we can assume that V is the unit ball of 
C'^ and U is the closed ball of center and of radius 1/2. We can also assume that 
L is the closed unit disc in C. Denote by a; = (xi, . . . , Xm) and y = {yi, . . . , y^) 
the coordinates on C™ and on C'^. Let e he a k x m matrix whose entries have 
modulus bounded by l/Smfc. Define 7rg(a;, 7/) := y + ex, Fg := F n {WiieW < 3/4} 
and F* := Fn (L"* x U). 

We first show that F* C F^. Consider a point {x,y) e F*. We have \xi\ < 1 
and \\y\\ < 1/2. Hence, 

he{x,y)\\ < \\y\\ + \\ex\\ < 3/4. 

This imphes that {x,y) G Fg. 

Now, we prove that for every a G C'^ with ||a|| < 3/4, we have #7r~^(a) fl 
T = dr, where we count the multiplicities of points. To this end, we show that 
#7rj~^(a) n F does not depend on t G [0, 1]. So, it is sufficient to check that the 
union of the sets 7r^^^{a) n F is contained in the compact subset F fl {||7r|| < 7/8} 
of F. Let {x, y) G F and t G [0, 1] such that 7rte{x, y) — a. We have 

3/4 > ||a|| = ||7rte(a;,|/)|| > \\y\\ - t\\ex\\. 

It follows that \\y\\ < 7/8 and hence {x,y) G F n {||7r|| < 7/8}. 

Let B denote the ball of center and of radius 3/4 in C*^. We have for some 
constant c' > 




Let © := (iii'^llxlp + be the standard Kahler (1, l)-form on C"* x C*^. We 

have 

volume(F n C"^ x [/) = [ 9^ 

It suffices to bound by a linear combination of 2m + 1 forms of type vr*(c<j) with 
coefficients of order ~ and then to use the previous estimates. Recall that 
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LJ = dd'^WnW'^ . So, we only have to bound —ldxi/\dxi by a combination of (1, 1)- 
forms of type vr*(ci;). Consider 5 := l/Sm/c and 7re(a;, y) := {yi + 2/2, • • • , 2/fc)- 
We have 



3rf?/i A dy^ + d{yi + 6xi) A d{y^ + Sxi) 



—Idxj A dxi 



< 



-rf(2?/i + 6xi/2) A rf(2yi + 6xi/2) 

3ci?/i A + d{yi + 6xi) A d{y^ + 6xi) 



352 



The last form can be bounded by a combination of tTq{uj) and tt*{uj). This com- 
pletes the proof. □ 

Proof of Theorem I2.1.4L We prove that ht{f,J(^) < logdt. We will prove 
in Paragraphs 12.21 and 12.41 that / admits a totally invariant measure of maximal 
entropy log (it with support in the boundary of J^. The variational principle 
then implies that ht{f,J^) = ht{f,dJ(f) = logdf. We can also conclude using 
Misiurewicz-Przytycky's theorem 11.7.21 or Yomdin's theorem 11.7.31 which can be 
extended to this case. 

Let r„ denote the graph of (/,... , f"-^) in V C (C'^)"-^ x V. Let vr : 
^(j-^fc^n-i X V" — >■ ^ be the canonical projection. Since f : U ^ V is polynomial- 
like, it is easy to see that P^ C f/"^^ x V and that tt : Tn V defines a ramified 
covering of degree d^. As in Theorem II. 7. H we have 

htU^'^) < lov(/) := limsup-logvolume(P„n7r-^(f/)). 

n— >oo ^ 

But, it follows from Lemma [2.1.51 that 

volume(P„ n 7r-^(f/)) < c^knyd^^. 

Hence, lov(/) < log (it. This implies the inequality ht{f,J^) < log (it. Note that 
the limit in the definition of lov(/) exists and we have lov(/) = log (it. Indeed, 
since P„ is a covering of degree d"^ over V, we always have 

volume(P„ n 7i'\U)) > rf>olume(f/). 

We show that dp < dt. Let Ili, < i < n — 1, denote the projection of 
onto its factors. We have 

voiume(p„n7r-i(t/))= / n*^H A . . . A n*^H. 

0<i.<n-l "^r„n7r-i(!7) 

The last sum contains the term 
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We deduce from the estimate on volume (r„ fl vr ^{U)) and from the definition of 
dp that dp < lov(/) = dt. □ 

We introduce now others useful dynamical degrees. We call dynamical *- 
degree of order p of f the following limit 

rf;:=limsupsupl|(r),(5)||^", 

n— >oo S 

where W V is a neighbourhood of ^ and the supremum is taken over positive 
closed {k — p, k — p)-current of mass < 1 on a fixed neighbourhood W (s of 
J^. Clearly, dp> dp, since we can take S = cu^ with c > small enough. 

Lemma 2.1.6. The above definition does not depend on the choice of W , W. 
Moreover, we have d^ = 1, = dt and the dynamical *-degree of order p of 
is equal to d*"'. 

Proof. If is an integer large enough, the operator (/^)* sends continuously 
positive closed currents on W to the ones on V. Therefore, the independence of 
the definition on W is clear. If S" is a probability measure on J^, then (/")* is 
also a probability measure on J^. Therefore, d^ = 1. Observe that 

\\irus)\\\t = \ I SAif-Ti^nX'^. 

So, for the other properties, it is enough to follow the arguments given in Lemma 

[5X3 □ 

Many results below are proved under the hypothesis d\_^ < dt. The following 
proposition shows that this condition is stable under small perturbations on /. 
This gives large families of maps satisfying the hypothesis. Indeed, the condition 
is satisfied for polynomial maps in C*^ which extend at infinity as endomorphisms 
of P'^. For such maps, if d is the algebraic degree, one can check that c/* < d^. 

Proposition 2.1.7. Let f '■ U V be a polynomial-like map of topological 
degree dt. Let V be a convex open set such that U V V . If g : U is 
a holomorphic map, close enough to f and U' := g^^iV'), then g : U' ^ V is a 
polynomial-like map of topological degree dt- If moreover, f satisfies the condition 
d* < dt for some 1 < p < k — 1, then g satisfies the same property. 

Proof. The first assertion is clear, using the characterization of polynomial-maps 
by their graphs. We prove the second one. Fix a constant 6 with dp < 6 < dt 
and an open set W such that U (£ W V. Fix an integer large enough such 
that ||(/^)*('S')||vK < for any positive closed {k — p,k ~ j9)-current S of mass 
1 on U. If g is close enough to /, we have g~^{U) d f"^ iW) and 
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with e > a small constant. We have 
U9%{S)\\u = [ SAig'^nujn 

< [ SA + [ SA [{g^'nun - {n*{u;n] 

< ||(n*(5)|k + e<5^ + e<<. 

Therefore, the dynamical *-degree d*{g^) of g^ is strictly smaller than . 
Lemma [2. 1.61 implies that d*{g) < dt. □ 

Remark 2.1.8. The proof gives that g ^— d*{g) is upper semi- continuous on g. 

Consider a simple example. Let / : ^ be the polynomial map 
f{zi,Z2) = (22;i,z|). The restriction of / to := {\zi\ < 2,\z2\ < 2} is 
polynomial-like and using the current S = [zi = 0], it is not difficult to check that 
di = dl = dt = 2. The example shows that in general one may have dl_^ = dt- 



Exercise 2.1.1. Let f : C'^ —>■ C"^ be the polynomial map defined by f{zi,Z2) : = 
{3z2,zf + Z2). Show that the hyperplane at infinity is attracting. Compute the 
topological degree of f . Compute the topological degree of the map in Example 

\2n\ 

Exercise 2.1.2. Let f be a polynomial map on of algebraic degree d > 2, 
which extends to a holomorphic endomorphism of¥^ . Let V be a ball large enough 
centered at and U := f^^iV). Prove that the polynomial-like map f : U ^ V 
satisfies d* = d^ and dt = d^ . Hint: use the Creen function and Creen currents. 

2.2 Construction of the Green measure 

In this paragraph, we introduce the first version of the dti'^-method. It allows 
to construct for a polynomial-like map / a canonical measure which is totally 
invariant. As we have seen in the case of endomorphisms of P'^, the method 
gives good estimates and allows to obtain precise stochastic properties. Here, 
we will see that it applies under a very weak hypothesis. The construction of 
the measure does not require any hypothesis on the dynamical degrees and give 
useful convergence results. 

Consider a polynomial-like map f : U V oi topological degree > 1 as 
above. Define the Perron-Frobenius operator A acting on test functions ip by 

K{^){z):=d-'fM{z):=d-' ^H' 
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where the points in f~^{z) are counted with multiphcity. Since / is a ramified 
covering, A (9?) is continuous when (p is continuous. If is a probabihty measure 
on V, define the measure /*(z/) by 

(r(z/),^) := 

This is a positive measure of mass dt supported on /~^(supp(z/)). Observe that 
the operator v d~[^ f*{ij) is continuous on positive measures, see Exercise IA.1.51 

Theorem 2.2.1. Let f : U ^ V be a polynomial-like map as above. Let v 
be a probability measure supported on V which is defined by an L^ form. Then 
d^^{f"')*{y) converge to a probability measure /i which does not depend on v. 
The measure /i is supported on the boundary of the filled Julia set and is 
totally invariant: d^^f*{fi) = f^{fi) = fi. Moreover, if A is the Perron-Frobenius 
operator associated to f and ip is a p.s.h. function on a neighbourhood of , 
then A"((y9) converge to (/i, v^). 

Note that in general (/x, if) may be —00. If (/i, (p) = —00, the above conver- 
gence means that A"' {(f) tend locally uniformly to —00; otherwise, the convergence 
is in L^^^ for 1 < p < +00, see Appendix IA.2I The above result still holds for 
measures p which have no mass on pluripolar sets. The proof in that case is more 
delicate. We have the following lemma. 

Lemma 2.2.2. If ip is p.s.h. on a neighbourhood of , then A^{ip) converge to 
a constant c^p m M U {—00}. 

Proof. Observe that A^{ip) is defined on V for n large enough. It is not difficult 
to check that these functions are p.s.h. Indeed, when (y9 is a continuous p.s.h. 
function, A^{ip) is a continuous function, see Exercise lA.l.St and dd'^A^{ip) = 
dt^{f"')*{dd'^ip) > 0. So, A"((y9) is p.s.h. The general case is obtained using an 
approximation of by a decreasing sequence of smooth p.s.h. functions. 

Consider ip the upper semi-continuous regularization of limsup A"((y9). We 
deduce from Proposition lA. 2. 9] that is a p.s.h. function. We first prove that ijj 
is constant. Assume not. By maximum principle, there is a constant 6 such that 
supijip < 6 < snpyip. By Hartogs' lemma IA.2.9t for n large enough, we have 
A"((y9) < 6 on U. Since the fibers of / are contained in U, we deduce from the 
definition of A that 

supA"+i((/?) = supA(A"(vp)) < supA"((/?) < S. 

V V u 

This implies that ip < 6 which contradicts the choice of 6. So ip is constant. 

Denote by this constant. If c<^ = —00, it is clear that A"(v9) converge to —00 
uniformly on compact sets. Assume that is finite and A"* {(p) does not converge 
to for some sequence (nj). By Hartogs' lemma, we have A"*(y9) < c^p—e for some 
constant e > and for i large enough. We deduce as above that A"'{ip) < — e 
for n > Hi. This contradicts the definition of c^,. □ 
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Proof of Theorem 12.2. IL We can replace u by d~[^f*{v) in order to assume 
that V is supported on U . The measure v can be written as a finite or countable 
sum of bounded positive forms, we can assume that z/ is a bounded form. 

Consider a smooth p.s.h. function on a neighbourhood of . It is clear 
that A"((y9) are uniformly bounded for n large enough. Therefore, the constant 
Cy, is finite. We deduce from Lemma [2.2.21 that A'^(y9) converge in L]^^{y) to c<^. 
It follows that 

(d-"(rrM,^) = (^,A"(^))- V 

Let be a general smooth function on V . We can always write as a difference 
of p.s.h. functions on U. Therefore, 0) converge. It follows that 

the sequence of probability measures c?jr"(/")*(zy) converges to some probability 
measure /x. Since does not depend on i/, the measure does not depend on 
v. Consider a measure v supported on f/ \ . So, the limit of d^ ''^{f "-)*{h') 
is supported on dJ(f. The total invariance is a direct consequence of the above 
convergence. 

For the rest of the theorem, assume that is a general p.s.h. function on a 
neighbourhood of J^. Since limsup A"((y9) < c^p, Fatou's lemma implies that 

(/x,^) = = (/i,A"(^)) < (/i,limsupA"(^)) = c^. 

n— +00 

On the other hand, for u smooth on U, we have since (f is upper semi- continuous 
c^= lim(z/,A"(¥,)) = \im{d;-{rnu),^) < ( lim rf-"(r)*(i.), y,) = 

Therefore, = {fi,'^). Hence, A"(y9) converge to {fi,ip) for an arbitrary p.s.h. 
function (p. □ 

The measure /i is called t/ie equilibrium measure of /. We deduce from the 
above arguments the following result. 

Proposition 2.2.3. Let v he a totally invariant probability measure. Then v 
is supported on J^. Moreover, {u, ip) < (/i, <f) for every function (p which is 
p.s.h. in a neighbourhood of and {v,'p) = (/i, v^) if f is pluriharmonic in a 
neighbourhood of J^. 

Proof. Since p = d~[^ [f^)* [v) , it is supported on f~^{y) for every n > 0. So, 
V is supported on . We know that limsup A"((y9) < c<^, then Fatou's lemma 
implies that 

(z/,^) = lim (rf,-"(r)*(z/),^) = lim (z/,A"(^)) < c^. 

n— >oo n— >oo 

When Lf is pluriharmonic, the inequality holds for — y); we then deduce that 
> c<^- The proposition follows. □ 
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Corollary 2.2.4. LetXi, X2 be two analytic subsets ofV such that f ^{Xi) C Xi 
and f~^{X2) C X2. Then Xi n X2 0. In particular, f admits at most one 



Proof. Observe that there are totally invariant probability measures z/i,z/2 sup- 
ported on Xi,X2. Indeed, if z/ is a probability measure supported on X^, then 
any limit value of 



is supported on Xi and is totally invariant. We are using the continuity of the 
operator u i-^ d^^ f*{u), for the weak topology on measures. 

On the other hand, if Xi and X2 are disjoint, we can find a holomorphic 
function h on U such that h = ci on Xi and /i = C2 on X2, where ci,C2 are 
distinct constants. We consider the function defined on Xi U X2 as claimed and 
extend it as a holomorphic function in U. This is possible since V is convex 
[86]. Adding to h a constant allows to assume that h does not vanish on J^. 
Therefore, (f := log|/i| is pluriharmonic on a neighbourhood of We have 
{i'i,(p) 7^ {1^2, f). This contradicts Proposition 12.2.31 □ 

When the test function is pluriharmonic, we have the following exponential 
convergence. 

Proposition 2.2.5. Let W be a neighbourhood of and ^ a bounded family of 
pluriharmonic functions on W . There are constants N > 0, c > and < A < 1 
such that if (f is a function in ^ , then 



for n> N . 

Proof. Observe that if N is large enough, the functions A^((y9) are pluriharmonic 
and they absolute values are bounded on V by the same constant. We can replace 
if by A^ {if) in order to assume that W = V , N = Q and that \ip\ is bounded 
by some constant A. Then, | A" < A for every n. Subtracting from ip the 
constant (/i, ip) allows to assume that (/i, ip) = 0. 

Let denote the family of pluriharmonic functions ip onV such that Iv^l < a 
and {fi, ip) = 0. It is enough to show that A sends into for some constant 
< A < 1. We can assume a = 1. Since fi is totally invariant, A preserves 
the subspace {ip, {^,ip) = 0}. The family ^1 is compact and does not contain 
the function identically equal to 1. By maximum principle applied to ±ip, there 
is a constant < A < 1 such that supfj < A for y9 in We deduce that 
supy \ A{ip)\ < A. The result follows. □ 



point a such that f ^(a) = {a}. 




N-l 



n=0 



(A" (y?) I < cA" on V 
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The following result shows that the equilibrium measure fx satisfies the Os- 
eledec's theorem hypothesis. It can be extended to a class of orientation preserv- 
ing smooth maps on Riemannian manifolds [46j. 

Theorem 2.2.6. Let f : U ^ V be a polynomial-like map as above. Let /i be the 
equilibrium measure and J the Jacobian of f with respect to the standard volume 
form on . Then 

(/i,log J) > log dt. 
In particular, fi has no mass on the critical set of f . 

Proof. Let u be the restriction of the Lebesgue measure to U multiplied by a 
constant so that ||z/|| = 1. Define 



Un := d, "(/")*(//) and f^N := 



n=l 



By Theorem 12 .2 .H /ijv converge to fi. Choose a constant M > such that J < M 
on U. For any constant m > 0, define 

gm{x) := min ^log-^^,m + logM^ = min ^log-^^,m'^ 

with m' := m+logM. This is a family of continuous functions which are positive, 
bounded on U and which converge to logM/J when m goes to infinity. Define 

1 

Using the definition of /* on measures, we obtain 

N-l 

q=0 
N-l 



N 

q=0 
N-l 



Y{^N-q,gm) = {HN,gm)- 



N 

q=0 

In order to bound (/i,log J) from below, we will bound {^N,gm) from above. 

For a > 0, let U^ denote the set of points x & U such that sn{x) > a. Since 
sn{x) < m', we have 

il^N, gm) = {^N, sn) < m'vN{U%) + a(l - Vn{U%)) 

= a + {m - a)i'N{U^). 
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If UNiU^) converge to when N ^ oo, then 



{f^,gm) = hm {fj,N,gm) < Q! and hence (/x, logM/J) < a. 

AT— >oo 

We determine a value of a such that ^^{U^) tend to 0. 
By definition of u^, we have 

Define for a given 5 > and for any integer j, 

Wj := {exp(-j5) < J < exp(-(j - 1)6)} 

and 

^.■(^) - /'(^) e W^,- and < g < TV - l}. 

We have Y^Tj — 1 and 



AT 



Using the inequahty < log M/ J, we have on 

a<SN<J2 (log ^ + j^) = •^'^^J' + 

Therefore, 

-J](j-l)5r, <-a + (logM + <5). 
We deduce from the above estimate on i/jv(t/^) that 



Jja 



exp(— q;)M exp(5) 



TV 



dv. 



So, for every a > \og{M/dt) + 5, we have z/Ar(f/^) — > 0. 

Choosing 5 arbitrarily small, we deduce from the above discussion that 

lim {nN,gm) < log(M/dt). 

N—^00 

Since gm is continuous and converge to fj,, we have {iJ>,gm) ^ ^og{M/dt). 
Letting m go to infinity gives {/i, log J) > log dt- □ 
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Exercise 2.2.1. Let (p be a strictly p.s.h. function on a neighbourhood of , i.e. 
a p.s.h. function satisfying dd'^ip > cdd'^\\z\\'^ , with c > 0, in a neighbourhood of 
. Let V be a probability measure such that {d^^{f"')*{h'),(p) converge to {fi,(p) 
and that {fi,ip) is finite. Show that dj^{f^)*{v) converge to fi. 

Exercise 2.2.2. Using the test function (p = show that 



when n goes to infinity. 

Exercise 2.2.3. Let Y denote the set of critical values of f . Show that the volume 
of f^iy) in U satisfies volume (/'^(F) fl f/) = o{d^) when n goes to infinity. 

Exercise 2.2.4. Let f be a polynomial endomorphism of of algebraic degree 
d>2. Assume that f extends at infinity to an endomorphism o/P^. Show that 
f admits at most three totally invariant points^ . 

2.3 Equidistribution problems 

In this paragraph, we consider polynomial-hke maps / satisfying the hypothesis 
that the dynamical degree c?^_^ is strictly smaller than dt- We say that / has a 
large topological degree. We have seen that this property is stable under small 
pertubations of /. Let Y denote the hypersurface of critical values of /. As in 
the case of endomorphisms of define the ramification current R by 



The following result is a version of Proposition 11.4.71 

Proposition 2.3.1. Let f : U ^ V be a polynomial-like map as above with large 
topological degree. Let u be a strictly positive constant and let a be a point in 
V such that the Lelong number v{R, a) is strictly smaller than v. Let 5 be a 
constant such that dk-i < 6 < dt. Then, there is a ball B centered at a such 
that /" admits at least (1 — \fv)iXl inverse branches Qi : B ^ Wi where Wi are 
open sets in V of diameter < -^''^ particular, if n' is a limit value of the 

measures dt"'{f^)*{6a) then — < 2^/v{R^. 

Proof. Since d*f^_^ < dt, the current R is well-defined and has locally finite mass. 
If oj is the standard Kahler form on C'^, we also have || ||y' < 5" for every 

open set V (s V . So, for the first part of the proposition, it is enough to follow 

"'^This result was proved in [46| . Amerik and Campana proved in [3J for a general endomor- 
phism of that the number of totally invariant points is at most equal to 9. The sharp bound 
(probably 3) is unknown. 




n>0 
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the arguments in Proposition I1.4.7I The proof there is written in such way that 
the estimates are local and can be extended without difficulty to the present 
situation. In particular, we did not use Bezout's theorem. 

For the second assertion, we do not have yet the analogue of Proposition 11.4.2] 
but it is enough to compare (i^"(/"')*((5a) with the pull-backs of a smooth measure 
supported on B and to apply Theorem 12.2.11 □ 

We deduce the following result as in the case of endomorphisms of P*'. 

Theorem 2.3.2. Let f : U —>■ V be a polynomial-like map as above with large 
topological degree. Let Pn denote the set of repelling periodic points of period n 
on the support of fi. Then the sequence of measures 



converges to fi. 

Proof. It is enough to repeat the proof of Theorem 11.4.131 and to show that 
admits exactly fixed points counted with multiplicity. We can assume n = 1. 
Let r denote the graph of / in t/ x C ^ x V^. The number of fixed points 
of / is the number of points in the intersection of F with the diagonal A of 

X C^. Observe that this intersection is contained in the compact set x 
For simplicity, assume that V contains the point in C'^. Let {z,w) denote the 
standard coordinates on C'^ x where the diagonal is given by the equation 
z = w. Consider the deformations At := {w = tz} with < t < 1 of A. Since V 
is convex, it is not difficult to see that the intersection of F with this family stays 
in a compact subset ofVxV. Therefore, the number of points in A^ n F, counted 
with multiplicity, does not depend on t. For t = 0, this is just the number of 
points in the fiber /^^(O). The result follows. □ 

The equidistribution of negative orbits of points is more delicate than in the 
case of endomorphisms of It turns out that the exceptional set ^ does not 
satisfy in general f~^{S') = S r\U . We have the following result. 

Theorem 2.3.3. Let f : U —>■ V be a polynomial-like map as above with large 
topological degree. Then there is a proper analytic subset <f of V, possibly empty, 
such that d^'^{f"-)*{6a) converge to the equilibrium measure /i if and only if a does 
not belong to the orbit of (S . Moreover, S satisfies f~^{<S) C <f C f{S) and is 
maximal in the sense that if E is a proper analytic subset of V contained in the 
orbit of critical values such that f~"{E) C E for some n > 1 then E d (S . 

The proof follows the main lines of the case of endomorphisms of P'^ using the 
following proposition applied to Z the set of critical values of /. The set <f will 
be defined a.s S := (^z- Observe that unlike in the case of endomorphisms of P*^, 
we need to assume that E is in the orbit of the critical values. 
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Let Z be an arbitrary analytic subset of V not necessarily of pure dimension. 
Let Nn{a) denote the number of orbits 

a_„, . . . , a_i, Oo 

with /(a_i_i) = tt-i and gq = a such that a_i e Z for every i. Here, the orbits are 
counted with multiplicity, i.e. we count the multiplicity of at a_„. So, Nn{a) 
is the number of negative orbits of order n of a which stay in Z. Observe that 
the sequence of functions t„ := d^^'Nn decreases to some function r. Since Tn 
are upper semi-continuous with respect to the Zariski topology and < r„ < 1, 
the function r satisfies the same properties. Note that r(a) is the proportion of 
infinite negative orbits of a staying in Z. Define S'z '■= = !}• The Zariski upper 
semi-continuity of r implies that S'z is analytic. It is clear that f~^{S'z) C S'z 
which imphes that Sz C f{<S'z)- 

Proposition 2.3.4. // a point a & V does not belong to the orbit Un>of^{^z) of 
S'z, then T{a) — 0. 

Proof. Assume there is > such that {r > ^o} is not contained in the orbit 
of S'z. We claim that there is a maximal value satisfying the above property. 
Indeed, by definition, r(a) is smaller than or equal to the average of r on the fiber 
of a. So, wc only have to consider the components of {r > Oq} which intersect U 
and there are only finitely many of such components, hence the maximal value 
exists. 

Let E be the union of irreducible components of {r > ^o} which are not 
contained in the orbit of Sz- Since 9o > 0, we know that E G Z. We want to 
prove that E is empty. If a is a generic point in E, it does not belong to the 
orbit of Sz and we have r(a) = Oq. If 6 is a point in /~^(a), then b is not in 
the orbit of Sz. Therefore, t(6) < Oq. Since T(a) is smaller than or equal to the 
average of r on /"^(a), we deduce that r(6) = 9q, and hence f~^{a) C E. By 
induction, we obtain that f~'^{a) C E C Z ior every n> 1. Hence, a E Sz. This 
is a contradiction. □ 

The following example shows that in general the orbit of S is not an analytic 
set. We deduce that in general polynomial- like maps are not homeomorphically 
conjugated to restrictions on open sets of endomorphisms of P'^ (or polynomial 
maps of such that the infinity is attractive) with the same topological degree. 

Example 2.3.5. Denote by D(a, i?) the disc of radius R and of center a in C 
Observe that the polynomial P{z) := -|- 1 defines a ramified covering of degree 
2 from D := P~^(L)(0,4)) to -D(0,4). The domain D is simply connected and 
is contained in D{0,1). Let ■0 be a bi-holomorphic map between D{1,2) and 
D{0,1) such that V(0) = 0. Define h{z,w) := {P{z),A'iIj'^{w)) with m large 
enough. This application is holomorphic and proper from W :— D x D[l, 2) to 
V :— D{0, 4) X D{0, 4). Its critical set is given by zw = 0. 
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Define also 

g{z,w) := 10~^(exp(z) cos{7Tw/2),exp{z) sin(7rt(;/2)). 

One easily check that g defines a bi-holomorphic map between W and U := g{W). 
Consider now the polynomial-like map f : U —>■ V defined hj f = h o g~^. Its 
topological degree is equal to 2m; its critical set C is equal to g{zw = 0}. The 
image of Ci := g{z = 0} by / is equal to {z = 1} which is outside U. The image 
of g{w = 0} by / is {w = 0} n V. 

The intersection {w = 0} (lU contains two components C2 '■= g{w = 0} and 
C2 := g{w = 2}. They are disjoint because g is bi-holomorphic. We also have 
f{C2) = {w = 0}nV and f-^{w = 0} = C2. Therefore, ^ = {w = 0} nV, 
f-^{S) C <g and f-^{S) ^ S nU since f-^{<g) does not contain C'^. The orbit 
of S' is the union of C2 and of the orbit of Cg. Since m is large, the image of C2 
by / is a horizontal curve very close to {w = 0}. It follows that the orbit of C2 
is a countable union of horizontal curves close to {w = 0} and it is not analytic. 

It follows that / is not holomorphically conjugate to an endomorphism (or a 
polynomial map such that the hyperplane at infinity is attractive) with the same 
topological degree. If it were, the exceptional set would not have infinitely many 
components in a neighbourhood of w = 0. 

Remark 2.3.6. Assume that / is not with large topological degree but that the 
series which defines the ramification current R converges. We can then construct 
inverse branches as in Proposition 12.3.11 To obtain the same exponential esti- 
mates on the diameter of Wi, it is enough to assume that d^-i < dt- In general, 
we only have that these diameters tend uniformly to when n goes to infinity. In- 
deed, we can use the estimate in Exercise 12.2.21 The equidistribution of periodic 
points and of negative orbits still holds in this case. 



Exercise 2.3.1. Let f he a polynomial-like map with large topological degree. 
Show that there is a small perturbation of f , arbitrarily close to f , whose excep- 
tional set is empty. 

2.4 Properties of the Green measure 

Several properties of the equilibrium measure of polynomial-like maps can be 
proved using the arguments that we introduced in the case of endomorphisms of 
P^. We have the following result for general polynomial-like maps. 

Theorem 2.4.1. Let f : U ^ V be a polynomial-like map of topological degree 
dt > 1. Then its equilibrium measure fi is an invariant measure of maximal 
entropy log cii. Moreover, n is K-mixing. 
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Proof. By Theorem 12.2.61 fi has no mass on the critical set of /. Therefore, it is 
an invariant measure of constant Jacobian dt in the sense that fi{f{A)) = dtfJ^{A) 
when / is injective on a Borel set A. We deduce from Parry's theorem 11.7.91 
that hn{f) > log (if. The variational principle and Theorem 12.1.41 imply that 
h^,{f) = logdt. 

We prove the K-mixing property. As in the case of endomorphisms of P'^, 
it is enough to show for ip in that A"'{ip) —> {fi,(p) in L'^{n). Since A : 

L^(/i) —>■ L'^ifi) is of norm 1, it is enough to check the convergence for a dense 
family of (p. So, we only have to consider ip smooth. We can also assume that ip is 
p.s.h. because smooth functions can be written as a difference of p.s.h. functions. 
Assume also for simplicity that (/i, ip) = 0. 

So, the p.s.h. functions A"-{ip) converge to in Lf^^(V). By Hartogs' lemma 
IA.2.9t supu A"-{ip) converge to 0. This and the identity {fi,A"'{ip)) = {/J,, if) = 
imply that iJ,{A"'{ip) < —6} — * for every fixed 6 > 0. On the other hand, by 
definition of A, |A"((y9)| is bounded by ||v^||oo which is a constant independent of 
n. Therefore, A"'{ip) — » in L'^{fi) and K-mixing follows. □ 

Theorem 2.4.2. Let f and fi be as above. Then the sum of the Lyapounov expo- 
nents of /i is at least equal to | logfi^. In particular, f admits a strictly positive 
Lyapounov exponent. If f is with large topological degree, then fi is hyperbolic 
and its Lyapounov exponents are at least equal to ^\og{dt/dk-i) . 

Proof. By Oseledec's theorem 11.7.121 applied in the complex setting, the sum of 
the Lyapounov exponents of /i (associated to complex linear spaces) is equal to 
log J). Theorem 12.2.61 implies that this sum is at least equal to ^\og dt. The 
second assertion is proved as in Theorem 11.7.131 using Proposit ion 12 . 3 . H □ 

From now on, we only consider maps with large topological degree. The 
following result was obtained by Dinh-Dupont in [41]. It generalizes Theorem 

Theorem 2.4.3. Let f be a polynomial-like map with large topological degree as 
above. Let xi, ■ ■ ■ ,Xk denote the Lyapounov exponents of the equilibrium measure 
fj, ordered 6?/ xi > ■ ■ ■ > Xfc ^ their sum. Then the Hausdorff dimension of 
II satisfies 

Xi Xi 
We now prove some stochastic properties of the equilibrium measure. We 
first introduce some notions. Let V be an open subset of C'^ and u a probability 
measure with compact support in V. We consider i/ as a function on the convex 
cone PSH(V) of p.s.h. functions on V, with the L^^^^-topology. We say that u is PB 
if this function is finite, i.e. p.s.h. functions on V are i/-integrable. We say that 
u is PC if it is PB and defines a continuous functional on PSH(l^). Recall that 
the weak topology on PSH(V") coincides with the Lf^^ topology for 1 < p < -\-oo. 
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In dimension 1, a measure is PB if it has locally bounded potentials, a measure 
is PC if it has locally continuous potentials. A measure u is moderate if for any 
bounded subset ^ of PSH(\^), there are constants a > and A > such that 

(z/,e"l^l) < A for ipe^. 

Let K he a compact subset of V. Define a pseudo-distance distii(i^) between 
^,iP in Pm{V) by 

Observe that if z/ is continuous with respect to distLi(i^) then u is PC. The 
following proposition gives a criterion for a measure to be moderate. 

Proposition 2.4.4. If u is Holder continuous with respect to dist2,i(K) for some 
compact subset K ofV, then u is moderate. Ifv is moderate, thenp.s.h. functions 
on V are in Lp{v) for every 1 <p < +oo and v has positive Hausdorff dimension. 

Proof. We prove the first assertion. Assume that u is Holder continuous with 
respect to disti,i(K) for some compact subset KofV. Consider a bounded subset 
^ of PSH(V^). The functions in ^ are uniformly bounded above on K. There- 
fore, subtracting from these functions a constant allows to assume that they are 
negative on K. We want to prove the estimate {u, e~°"f) < A for G ^ and 
for some constants a, A. It is enough to show that z/jyj < — M} < e~°*^ for 
some (other) constant a > and for M > 1. For M > and G define 
ifM '■= max(y9, — M). We replace ^ by the family of functions (pM- This allows 
to assume that the family is stable under the operation max(-,— M). Observe 
that fM-i — fAi is positive, supported on {ip < —M + 1}, smaller or equal to 1, 
and equal to 1 on {(/? < — M}. In order to obtain the above estimate, we only 
have to show that {u, ipM-i — Vm) ^ e~"*^ for some a > 0. 

Fix a constant A > small enough and a constant A > large enough. Since 
V is Holder continuous and v^m-i — vanishes on {(p > —M + 1}, we have 

^{ip < -M} < {u,p!M-i) - {i^^Vm) < A \\ipM-i - 'P'mWIhk) 
< Avo\ume{ip < -M + 1}^. 

On the other hand, since ^ is a bounded family in PSH(V^), by Theorem IA.2.11t 
we have ||e~'^'^||x,i(_ft:) < A for G Hence, 

volume{(^ < -M + 1} < Ae'^^^^'^l 

This implies the desired estimate for a = and completes the proof of the first 
assertion. 

Assume now that u is moderate. Let (p he a p.s.h. function on V. Then 
golvl ig in L^{u) for some constant a > 0. Since e"^ > for 1 < p < +oo, we 
deduce that (p is in L'^{v). For the last assertion in the proposition, it is enough 
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to show that ^{Br) < Ar°' for any ball Br of radius r > where A, a are some 
positive constants. We can assume that Br is a small ball centered at a point 
a E K. Define ^p{z) := log \\z — a\\. This function belongs to a compact family 
of p.s.h. functions. Therefore, ||e~°'''||ii(,^) < A for some positive constants A, a 
independent of Br- Since e""*^ > r~" on Br, we deduce that ^{Br) < Ar"". It is 
well-known that in order to compute the Hausdorff dimension of a set, it is enough 
to use only coverings by balls. It follows easily that if a Borel set has positive 
measure, then its Hausdorff dimension is at least equal to a. This completes the 
proof. □ 

The following results show that the equilibrium measure of a polynomial-like 
map with large topological degree satisfies the above regularity properties. 

Theorem 2.4.5. Let f : U —>■ V be a polynomial-like map. Then the following 
properties are equivalent: 

1. The map f has large topological degree, i.e. dt > d'^_^; 

2. The measure fi is PB, i.e. p.s.h. functions on V are integrable with respect 
to 11 ; 

3. The measure fi is PC, i.e. ^ can he extended to a linear continuous form 
on the cone of p.s.h. functions on V; 

Moreover, if f is such a map, then there is a constant < A < 1 such that 



for if p.s.h. on V . 

Proof. It is clear that 3) ^ 2). We show that 1) ^ 3) and 2) ^ 1). 

1) ^3). Let if he a. p.s.h. function on V. Let W he a. convex open set such 
that U W V . For simplicity, assume that ||v5||l1(vk) < 1- So, belongs to 
a compact subset of PSH(Vr). Therefore, S := dd'^ip has locally bounded mass 
in W. Define Sn := (/")*(S'). Fix a constant 5 > \ such that d],_^ < 6 < df. 
Condition 1) implies that i|(/"')*(5')||vi/ ^ S"". By Proposition IA.2.51 there are 
p.s.h. functions ipn on U such that dd'^ipn = Sn and ||v?n||i/ ^ on U. 

Define ipo '■= f ~ fo and ipn '■= f*{fn-i) — fn- Observe that these functions 
are pluriharmonic on U and depend continuously on ip. Moreover, sends 
continuously p.s.h. functions on U to p.s.h. functions on V. Hence, 



A"(V.) = A"(V^o + ^o)=A"(^o) + c^r'A"-^(/*(^o)) 
= A"(V^o) + c^r'A"-^(V^i + ¥.i) = --- 
= A"(^o) + d;'A^~\ij,) + ■■■ + d,-"+iA(^„_i) + d->„ + 



sup A{{p) 

V 



{fi,ip) < A[supv2 - (/i, 



||^n||Li(;7) < ||/*(^n-l)||Li(C7) + \M\l^U) ^ f^"- 



We have 
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The last term in the above sum converges to 0. The above estimate on ifjn and 
their pluriharmonicity imply, by Proposition I2.2.5[ that the sum 

A"(V^o) + dT'A'^-'ii^i) + ■■■ + rfr"+'A(V'n-i) + dr^n 

converges uniformly to the finite constant 

(/i, ^o) + dt\n, + + d^^ifi, + ■ ■ ■ 

which depends continuously on ip. We used here the fact that when ip is plurihar- 
monic, {fi,ip) depends continuously on ijj. By Theorem 12.2. H the above constant 
is equal to {fJ',(p). Consequently, fi is PC. 

2) ^ 1). Let ^ be an L^ bounded family of p.s.h. functions on a neighbourhood 
of J^. We first show that (/x, (p) is uniformly bounded on Since (//, A^{ip)) = 
{fi, (f), we can replace (f by A^{(f), with large enough, in order to assume that 
^ is a. bounded family of p.s.h. functions (f on V which are uniformly bounded 
above. Subtracting from ip a fixed constant allows to assume that these functions 
are negative. If (/i, cp) is not uniformly bounded on there are cpn such that 
ifJ'yVn) < —n'^. It follows that the series J2^~^Vn decreases to a p.s.h. function 
which is not integrable with respect to fi. This contradicts that fi is PB. We 
deduce that for any neighbourhood W of there is a constant c > such that 
|(A'',V')| < cIIvjIIlhw') ^ p.s.h. on W. 

We now show that there is a constant < A < 1 such that supy A{lp) < A if 
V? is a p.s.h. function on V, bounded from above by 1, such that (/x, ip) = 0. This 
property implies the last assertion in the proposition. Assume that the property 
is not satisfied. Then, there are functions ipn such that supy ipn = 1, (/i, iPn) = 
and supy A{ipn) > 1 — l/n^. By definition of A, we have 

sup9?n > supA(y?„) > 1 — 1/n^. 
u V 

The submean value inequality for p.s.h. functions implies that ipn converge to 1 
in Ll^^{V). On the other hand, we have 

1 = \{fi,<Pn - 1)1 < C\\ipn - 1\\l^W)- 

This is a contradiction. 

Finally, consider a positive closed (1, l)-current 5* of mass 1 on W. By Propo- 
sition |X]2]5l there is a p.s.h. function on a neighbourhood of U with bounded 
L^ norm such that dd'^ip = S. The submean inequality for p.s.h functions implies 
that (f is bounded from above by a constant independent of S. We can after 
subtracting from ip a constant, assume that (yU, ip) = 0. The p.s.h. functions 
X~"'A^{ip) are bounded above and satisfy (/x, A~"A"'(9?)) = {f^,ip) = 0. Hence, 
they belong to a compact subset of PSH(?7) which is independent of 5*. If W is 
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a neighbourhood of such that W d U, the mass of dd'^^X "A"((y9)] on W is 
bounded uniformly on n and on S. Therefore, 

\\dd%n*iS)\\w'<cX''d'l 

for some constant c > independent of n and of S. It follows that dl_-^ < Xdt. 
This implies property 1). □ 

Theorem 2.4.6. Let f : U V be a polynomial-like map with large topological 
degree. Let ^ be a bounded family of p.s.h. functions on V. Let K be a compact 
subset of V such that f~^{K) is contained in the interior of K. Then, the equi- 
librium measure fi of f is Holder continuous on ^ with respect to distj;^i(/^). In 
particular, this measure is moderate. 

Let DSH(V^) denote the space of d.s.h. functions on V, i.e. functions which 
are differences of p.s.h. functions. They are in particular in L^^^{V) for every 1 < 
p < +00. Consider on DSH(V^) the following topology: a sequence (ipn) converges 
to ip in DSH(l^) if converge weakly to ip and if we can write = ip^ — 'Pn 
with ip>^ in a compact subset of PSH(l^), independent of n. We deduce from the 
compactness of bounded sets of p.s.h. functions that in all L^^^jy) with 

1 < p < +CXD. Since n is PC, it extends by linearity to a continuous functional 
on DSH(\/). 

Proof of Theorem 12.4.61 Let ^ be a compact family of p.s.h. functions on 
V . We show that /i is Holder continuous on ^ with respect to distii(i^). We 
claim that A is Lipschitz with respect to distii(i^). Indeed, if Lp^ip are in L^(i^), 
we have for the standard volume form f2 on C*^ 

||AM - Km\L^iK) = [ \Hv ~n^< dT' [ \v- ^\f*{n). 

Jk Jf-HK) 

since f~^{K) C K and is bounded on f~^{K), this implies that 

\\A{lp) - A{i!)\\L^K) < const||v9 - i'WmK)- 

Since is compact, the functions in are uniformly bounded above on U. 
Therefore, replacing ^ by the family of A{(p) with (p & ^ allows to assume that 
functions in ^ are uniformly bounded above on V. On the other hand, since /i is 
PC, /i is bounded on Without loss of generality, we can assume that £P is the 
set of functions cp such that {fi, (p) > and < 1. In particular, ^ is invariant 
under A. Let ^ be the family of d.s.h. functions (p — A{ip) with ip G This is 
a compact subset of DSH(l^) which is invariant under A, and we have (/i, = 
for (p' in ^. 

Consider a function ip G Observe that (f := ip — {fi, (p) is also in Define 
A := A~^A with A the constant in Theorem 12.4.51 We deduce from that theorem 
that A(^) is in 1^ . Moreover, 

A{^- A{^)) = A(^ - A(^)) = A(^) - A(A(^)). 
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Therefore, ^ is invariant under A. This is the key point in the proof. Observe 
that we can extend distLi(x) to DSH(l^) and that A is Lipschitz with respect to 
this pseudo-distance. 

Let 1/ be a smooth probabihty measure with support in K. We have seen that 
d-T"'{f^)*{^) converge to fi. If if is d.s.h. on V, then 

K-"(rrH,^) = (^^,A"(^)). 

Define for ip in ip' := ip — A{ip). We have 
{fi,<f) = hm(z/,A"((/p)) 

n— >oo 

= (z.,yp)-5^(z.,A"(v.))-(z/,A"+i(^)) 

n>0 

= (z/,y,)-5^A"(z/,A"(y,')). 

n>0 

Since u is smooth with support in K, it is Lipschitz with respect to dist2,i(_ft:). 
We deduce from Lemma [1.2. 41 which is also vahd for a pseudo-distance, that the 
last series defines a Holder continuous function on We use here the invariance 
of ^ under A. Finally, since the map (f (f' is Lipschitz on we conclude 
that /i is Holder continuous on ^ with respect to distLi(i^). □ 

As in the case of endomorphisms of P'^, we deduce from the above results the 
following fundamental estimates on the Perron-Frobenius operator A. 

Corollary 2.4.7. Let f be a polynomial-like map with large topological degree 
as above. Let ^ be the equilibrium measure and A the Perron-Frobenius operator 
associated to f . Let ^ be a bounded subset of d.s.h. functions on V . There are 
constants c > 0, 5 > 1 and a > such that if ip is in 3i , then 

for every n > and every \ <q < +oo. 

Corollary 2.4.8. Let f , fi, A be as above. Let < u < 2 be a constant. There 
are constants c > 0, 5 > 1 and a > such that if ip is a u-Holder continuous 
function on V with WipW'^-^ < 1, then 

(/i, e"^"'''"l^"W-<'^''/'>l > < c and || A"(^) - {fi, ^) < cg"/^^-"'^/^ 
for every n > and every 1 < q < +oo. Moreover, 6 is independent of u. 



The following results are deduced as in the case of endomorphisms of P'^. 
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Theorem 2.4.9. Let f : U ^ V be a polynomial-like map with large topological 
degree and fi the equilibrium measure of f . Then f is exponentially mixing. More 
precisely, there is a constant < A < 1, such that if I < p < +oo, we have 

\{f^, (v'o D^) - {f^,f){f^,'^)\ < CpX^f\\Lv{^.)ML^v) 

for if in L^lfJ^), ip p.s.h. on V and n>{], where Cp > is a constant independent 
of if^ip. If V is such that < z/ < 2, then there is a constant Cp^y > such that 

i(/i,(^or)^) - < cp^^x'^'^^'Ml^mw^ 

for if in L^{^), ip a function on V and n > 0. 

The foUowing resuh gives the exponential mixing of any order. It can be 
extended to Holder continuous observables using the theory of interpolation be- 
tween Banach spaces. 

Theorem 2.4.10. Let f,fi be as in Theorem 2.4-9\ and r > 1 an integer. Then 
there are constants c > and < A < 1 such that 

r r 
1=0 i=0 

for = no < ni < ■ ■ ■ < n^, n := mino<i<r('^j+i — ni) and ipi p.s.h. on V. 

As in Chapter [H we deduce the following result, as a consequence of Gordin's 
theorem and of the exponential decay of correlations. 

Theorem 2.4.11. Let f be a polynomial-like map with large topological degree 
as above. Let (p be a test function which is with u > 0, or is d.s.h. on V. 
Then, either ip is a coboundary or it satisfies the central limit theorem with the 
variance a > given by 



a':= (/i,y,2) + 2 5^(/i,y,(v,or)). 



n>l 



The following result is obtained as in Theorem II. 6. 22[ as a consequence of the 
exponential estimates in Corollaries 12.4.71 and 12.4.81 

Theorem 2.4.12. Let f be a polynomial-like map with large topological degree as 
above. Then, the equilibrium measure H of f satisfies the weak large deviations 
theorem for bounded d.s.h. observables and for Holder continuous observables. 
More precisely, if a function ip is bounded d.s.h. or Holder continuous then for 
every e > there is a constant > such that 

N-l 

fj.{z G supp(^) : 1^ E ^ ° /"W - (/^' V^)l > 4 ^ e-^('°sA^)-^'^^ 

n=0 

for all N large enough. 
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Exercise 2.4.1. Assume that for every positive closed (1, l)-current S on V we 
have limsup || (/")*(>S') H"'^/"' < dt. Show that fx is PB and deduce that d\_^ < dt. 
Hint: write S = dd'^ip. 

Exercise 2.4.2. Let u be a positive measure with compact support in C. Prove 
that V is moderate if and only if there are positive constants a and c such that 
for every disc D of radius r, v{D) < cr°'. Give an example showing that this 
condition is not sufficient in C^. 

2.5 Holomorphic families of maps 

In this paragraph, we consider polynomial-hke maps fs '■ Us ^ Vs depending 
holomorphically on a parameter s G S. We will show that the Green measure 
fig of fs depends "holomorphically" on s and then we study the dependence of 
the Lyapounov exponents on the parameters. Since the problems are local, we 
assume for simplicity that S is a ball in C'. Of course, we assume that Us and 
Vs depend continuously on s. Observe that if we replace K by a convex open 
set C Vg and Us by f^^iV^) with Vs \ V^ small enough, the map fg is still 
polynomial-like. So, for simplicity, assume that V := Vs is independent of s. Let 
Uj] := Us{s} X Ug. This is an open set in Vs := S x V. Define the holomorphic 
map F : Uj] ^ Vj]hj F{s, z) := (s, fg{z)). This map is proper. By continuity, the 
topological degree dt of fg is independent of s. So, the topological degree of F is 
also dt. Define := nn>oi^""(Vs). Then is closed in ^s- If vr : E x C'^ ^ S 
is the canonical projection, then tt is proper on and J(fg := fl 7r~^(s) is 
the filled Juha set of fg. 

It is not difficult to show that depends upper semi-continuously on s with 
respect to the Hausdorff metric on compact sets of V . This means that if Wg^^ 
is a neighbourhood of then J(fg is contained in Wg^^ for s closed enough to 
sq. We will see that for maps with large topological degree, s t— > /x^ is continuous 
in a strong sense. However, in general, the Julia set ^g, i.e. the support of the 
equilibrium measure /i^, does not depend continuously on s. 

In our context, the goal is to construct and to study currents which measure 
the bifurcation, i.e. the discontinuity of s i-^ ^g. We have the following result 
due to Pham [T08]. 

Proposition 2.5.1. Let (/s)seE be as above. Then, there is a positive closed 
current ^ of bidegree {k,k), supported on such that the slice {M,t[,s) is 
equal to the equilibrium measure fig of fg for s G S. Moreover, if ip is a p.s.h. 
function on a neighbourhood of J^, then the function s ^ {fig,!f{s, ■)) is either 
equal to — oo or is p.s.h. on E. 

Proof. Let Q be smooth probability measure with compact support in V. Define 
the positive closed {k, fc)-current G on S x by G := t*{Q) where t : T^xV ^ V 
is the canonical projection. Observe that the slice (G, tt, s) coincides with Q on 
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{s} X V, since fl is smooth. Define 6„ := (i^"(F")*(6). The shce (6„,, vr, s) can 
be identified with on {s} x V. This is a smooth probabihty measure 

which tends to /i^ when n goes to infinity. 

Since the problem is local for s, we can assume that all the forms 0^ are 
supported on S x i^' for some compact subset K of V. As we mentioned in 
Appendix IA.31 since these forms have slice mass 1, they belong to a compact 
family of currents. Therefore, we can extract a sequence B„. which converges to 
some current ^ with shce mass 1. We want to prove that tt, s) = fig- 
Let be a smooth p.s.h. function on a neighbourhood of J^. So, for n large 
enough, ip is defined on the support of 9„ (we reduce S if necessary). By slicing 
theory, 7i^{Qn, A ip) is equal to the p.s.h. function ipnX^) '■= i^n,,'^, s){ip) and 
7r^,(^ A ip) is equal to the p.s.h. function ip{s) := {^,7i,s){ip) in the sense of 
currents. By definition of M, since vr^, is continuous on currents supported on 
T, X K, ipn, converge to ip in -^Lc(^)- other hand, (6„.,7r,s) converge 

to /is. So, the function ip^s) := lim'?/'„.(s) = {fis,f) is equal to 4'{s) almost 
everywhere. Since ipn, and ip are p.s.h., the Hartogs' lemma implies that ip' < ip- 
We show the inequality ^ip^s) > V^(s). 

The function ip is p.s.h., hence it is strongly upper semi-continuous. Therefore, 
there is a sequence (s^) converging to s such that ^ip'^Sn) = i'isn) and ip{sn) 
converge to ^^(s). Up to extracting a subsequence, we can assume that fis„ 
converge to some probability measure fi'^. By continuity, fi'^ is totally invariant 
under /g. We deduce from Proposition 12.2.3] that {fi'g,ip{s, ■)) < {fis,ip{s, ■)). 
The first integral is equal to ip{s), the second one is equal to ip'i^)- Therefore, 
ip(s) < ip'{s). The identity (e^, vr, s) = /Xg follows. 

The second assertion in the proposition is also a consequence of the above 
arguments. This is clear when ip is smooth. The general case is deduced using 
an approximation of (y9 by a decreasing sequence of smooth p.s.h. functions. □ 

Let Jac(-F) denote the Jacobian of F with respect to the standard volume 
form on S X C'^. Its restriction to 7r^^(s) is the Jacobian Jac(/s) of fg. Since 
Jac(F) is a p.s.h. function, we can apply the previous proposition and deduce 
that the function Lfc(s) := |(/is, log Jac(/s)) is p.s.h. on S. Indeed, by Theorem 
I2.2.6[ this function is bounded from below by ^ log (it, hence it is not equal to 
— oo. By Oseledec's theorem ll.7.12[ Lk{s) is the sum of the Lyapounov exponents 
of fs- We deduce the following result of [46] . 

Corollary 2.5.2. Let {fs)ses be as above. Then, the sum of the Lyapounov 
exponents associated to the equilibrium measure fig of fg is a p.s.h. function on 
s. In particular, it is upper semi- continuous. 

Pham defined in [108] the bifurcation {p,p)- currents by := {dd'^Lk)^ for 
1 < p < dim S. The wedge-product is well-defined since Lk is locally bounded: it 
is bounded from below by | log dt- Very likely, these currents play a crucial role in 
the study of bifurcation as we see in the following observation. Assume that the 
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critical set of fsg does not intersect the filled Julia set for some sq G S. Since 
the filled Julia sets J^fs vary upper semi-continuously in the Hausdorff metric, 
log Jac(F) is pluriharmonic near {sq} x J(fso- It follows that Lk is pluriharmonic 
and = in a neighbourhood of sq^. On the other hand, using Kobayashi 
metric, it is easy to show that / is uniformly hyperbolic on ^ for s close to Sq. 
It follows that J(fs = and s is continuous near sq, see [71J. 

Note that L^ is equal in the sense of currents to 7r=K(log Jac(F) A^), where 
is the current in Proposition I2.5.1[ Therefore, SS can be obtained using the 
formula 

SS = c/c/%,(logJac(F) A^) = 7r,([<^^] A^), 

since dd'^ log |Jac(F)| = [^f], the current of integration on the critical set '^p of 
F. We also have the following property of the function Lk- 

Theorem 2.5.3. Let (/s)ses be a family of polynomial-like maps as above. As- 
sume that fsg has a large topological degree for some sq G S. Then Lk is Holder 
continuous in a neighbourhood of Sq- In particular, the bifurcation currents SS'^ 
are moderate for \ <p < dim S . 

Let A<, denote the Perron- Frobenius operator associated to fg. For any Borel 
set 5, denote by the standard volume form on restricted to B. We first 
prove some preliminary results. 

Lemma 2.5.4. Let W be a neighbourhood of the filled Julia set J^so of fso- Then, 
there is a neighbourhood of sq such that (/i^, ^p) depends continuously on (s, ip) 
m So X PSH(W^). 

Proof. We first replace S by a neighbourhood Sq of Sq small enough. So, for 
every s G S, the filled Julia set of fs is contained in U := f^^^iV) and in W. 
We also reduce the size of V in order to assume that fs is polynomial- like on a 
neighbourhood of U with values in a neighbourhood V of V. Moreover, since 
{fis,f) = {fJ's, As{ip)) and As{ip) depends continuously on {s,ip) in S x PSH(14^), 
we can replace (f by (y?) with N large enough and s G S, in order to assume 
that W = V. Finally, since As{ip) is defined on V, it is enough to prove the 
continuity for ip p.s.h. on V such that f < I and {flu, > 0. Denote by 0^ 
the family of such functions ip. Since is PC, we have |(/iso, '■p)\ < A for some 
constant A > 1 and for ip G Let 0^' denote the family of p.s.h. functions 
ip such that ip < 2A and {fiso,ip) = 0. The function ip' := ip — {fisg,(p) belongs 
to this family. Observe that is bounded and therefore if A' > 1 is a fixed 
constant large enough, we have \{flu,ilj)\ < A' for ip G 

Fix an integer N large enough. By Theorem 12.4.51 < 1/8 on V^' and 

I I < 1/8 for if' as above. We deduce that 2Af^(/) - (fi^/, 2 A^ 

^This observation was made by the second author for the family + c, with c G C. He 
showed that the bifurcation measure is the harmonic measure associated to the Mandelbrot set 
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is a function in smaller than 1/2 on V. This function differs from 2A^((y9) by 
a constant. So, it is equal to 2A^^{ip) — {flu, 2A^(93)). When Sq is small enough, 
by continuity, the operator Ls{(p) := 2Af {ip) — {flu, 2Af (ip)) preserves ^ for 
s G Sq. Therefore, since preserves constant functions, we have 

Ar(^) = Ai--i)^[(fi^,Af(^)) + 2"iL,(^)] 
= (fi^,Af(^)) + 2-iA("-i)^(L,(v.)). 

By induction, we obtain 

Ar(^) = (fi^,Af(^)) + --- + 2--+i(i7^,Af(Lr^(^))) + 2"-Lr(^) 
= {Qu, Af [y, + ■ ■ ■ + 2-+iLr '(y^)] > + 2-"'LT{v) 

= (di'^if^nnu), ^ + ■ ■ ■ + 2--+^Lr^(v^)> + 2-™Lr(^). 

We deduce from the above property of Lg that the last term converges uniformly 
to when m goes to infinity. The sum in the first term converges normally to 
the p.s.h. function J2m>i'2~"^~^^^T~^i'^)^ which depends continuously on {s,ip). 
Therefore, A^^(<^) converge to a constant which depends continuously on (s, (f). 
But we know that the limit is {^s,f)- The lemma follows. □ 

Using the same approach as in Theorem 12. 4. 6[ we prove the following result. 

Theorem 2.5.5. Let fg, sq and W be as in Theorem \2.5.3\ and Lemma 2.5.4- 
Let K he a compact subset of W such that f~^{K) is contained in the interior 
of K. There is a neighbourhood Sq of Sq such that if ^ is a bounded family of 
p.s.h. functions on W, then {s,ip) ^— {fis,f) is Holder continuous on IIq x 0^ 
with respect to the pseudo- distance dist2,i(_ft:) on Si^ . 

Proof. We replace S by So as in Lemma I2.5.4[ It is not difficult to check that 
{s,ip) ^— {s,As{f)) is locally Lipschitz with respect to distLi(i^). So, replacing 
(s, (p) by (s, A^ with large enough allows to assume that W = V. Let ^ 
be the set of (s, (y?) in S x PSH(\^) such that < 1 and {fis, <p) > 0. By Lemma 
I2.5.4[ such functions (p belong to a compact subset of PSH(V). It is enough to 
prove that (s, ip) \—>- {fig, ip) is Holder continuous on 

Let ^ denote the set of (s, (p — As{ip)) with (s, ip) G e^^. Consider the operator 
A(s, Ip) := (s, X^^As{ip)) on ^ as in Theorem 12.4.61 where A < 1 is a fixed constant 
close enough to 1 . Theorem 12.4.51 and the continuity in Lemma 12.5.41 imply that 
A preserves Therefore, we only have to follow the arguments in Theorem 

□ 

Proof of Theorem 12.5.31 We replace S by a small neighbourhood of Sq. Ob- 
serve that log Jac(/s), s G S, is a bounded family of p.s.h. functions on U. By 
Theorem I2.5.5[ it is enough to show that s t— logJac(/s) is Holder continuous 
with respect to distj,i(;^). 
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We also deduce from Theorem lA.2.111 that {Hk, e^^^"^'^'''''-^'^^) < A for some 
positive constants A and A. Reducing V and S allows to assume that Jac(F), 
their derivatives and the vanishing order of Jac(F) are bounded on S x t/ by 
some constant m. 

Fix a constant a > small enough and a constant A > large enough. 
Define ipi^s) := (fix, log Jac(/s)). Consider s and t in S such that r := ||s — 1\\ is 
smaller than a fixed small constant. We will compare — ipit)] with in 

order to show that ip is Holder continuous with exponent Xa. Define S := {z ^ 
U, Jac(/s) < 2r^"}. We will bound separately 

(fi/^\5,logJac(/,) - log Jac(/t)) 

and 

(fixn5,log Jac(/,) - log Jac(/t)). 

Note that ip{s) — ip{t) is the sum of the above two integrals. 

Consider now the integral on K \ S. The following estimates are only valid 
on \ S". Since the derivatives of Jac(F) is bounded, we have Jac(/f ) > r^". It 
follows that the derivatives on t of log Jac(/t) is bounded by Ar~^". We deduce 
that 

I log Jac(/,) - log Jac(/0| < Ar'~^^. 

Therefore, 

|(fix\5,logJac(/,) - log Jac(/i))| < \\nK\s\\Ar''^'' < r^". 

We now estimate the integral on K n S. Its absolute value is bounded by 

(0xn5, |logJac(/^)|) + (fii^ns, I log Jac(/i)|). 

We deduce from the estimate {Qk, e^l'°sJ^^(-^=)l) < A that volume(irnS') < Ar^^". 
Therefore, by Cauchy-Schwarz's inequality, we have 

(fixn5,|logJac(/,)|) < volume(irnS)i/2(fix,|logJac(/,)p)'/' 

The estimate holds for ft instead of fs- Hence, ip is Holder continuous. The fact 
that are moderate follows from Theorem IA.3.51 □ 

The following result of Pham generalizes Corollary 12.5.21 and allows to define 
other bifurcation currents by considering ddf^Lp or their wedge-products |108j . 

Theorem 2.5.6. Let {fs)s(^T. be a holomorphic family of polynomial-like maps as 
above. Let Xi{s) > ■■■ > Xk{s) be the Lyapounov exponents of the equilibrium 
measure fig of fs- Then, for 1 < p < k, the function 

Lp{s) := Xi{s) + ■ ■ ■ + Xp{s) 
is p.s.h. onT,. In particular, Lp is upper semi- continuous. 
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Proof. Observe that Lp{s) > ^Lk{s) > ^logdf. We identify the tangent space 
of V at any point with C*^. So, the differential Dfs{z) of fs at a point z E Ug 
is a hnear self-map on C'^ which depends holomorphically on {s,z). It induces a 
linear self- map on the exterior product /\^C'^ that we denote by D^fs{z). This 
map depends holomorphically on {s,z). In the standard coordinate system on 
/\^ C^, the function (s, z) i-^ log is p.s.h. on 11^. By Proposition 12.5. 

the function ipii^) '■= (/^si log ll-D^/sll) is P-s.h. or equal to — oo on S. Define in 
the same way the functions ipnis) := (/i^, log associated to the iterate 

/; of We have 

DPf^+^{z) = DPfnmz)) o DPf:{z). 

Hence, 

WD^fr-'iz)]] < iiDvr(/:(^))ii ii^xwii- 

We deduce using the invariance of fig that 

Therefore, the sequence n'^ipn decreases to inf„n~^?/'„. So, the limit is p.s.h. or 
equal to —oo. On the other hand, Oseledec's theorem ll. 7. 121 implies that the limit 
is equal to Lp{s) which is a positive function. It follows that Lp{s) is p.s.h. □ 

Consider now the family fs of endomorphisms of algebraic degree > 2 of P'^ 
with s G =^(P'^). We can lift fg to polynomial-like maps on C*^"*"^ and apply the 
above results. The construction of the bifurcation currents can be obtained 
directly using the Green measures of fg. This was done by Bassanelli-Berteloot 
in [5] . They also studied some properties of the bifurcation currents and obtained 
nice formulas for that currents in terms of the Green functions. We also refer to 
DeMarco, Dujardin-Favre, McMuUen and Sibony [3TI [56| [98| 1114] for results in 
dimension one. 

Exercise 2.5.1. // / is an endomorphism in ,^(P^), denote by Lk{f) the sum 
of the Lyapounov exponents of the equilibrium measure. Show that f i— > Lk{f) 
is locally Holder continuous on Jifdif''^). Deduce that the bifurcation currents are 
moderate. Hint: use that the lift of f to C^^^ has always a Lyapounov exponent 
equal to logd. 

Exercise 2.5.2. Find a family (/s)sgs such that ^g does not vary continuously. 

Exercise 2.5.3. A family {Xg)g(z-s of compact subsets in V is lower semi- continuous 
at Sq if for every e > 0, Xg^ is contained in the e-neighbourhood of Xg when s is 
close enough to sq. If {i'g)s^j] is a continuous family of probability measures on 
V, show that s supp(z/s) is lower semi- continuous. If {fg)g£T, is a holomorphic 
family of polynomial-like maps, deduce that s ^ ^g is lower semi- continuous. 
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Show that if — '^sq, then s i— > is continuous at sq for the Hausdorff 
metric. 

Exercise 2.5.4. Assume that fs^ is of large topological degree. Let 6 > be 
a constant small enough. Using the continuity of s ^ fis, show that if is 
a repelling fixed point in for fso, there are repelling fixed points Ps in 
for fs, with |s — Sol < ^, such that s ^ Ps is holomorphic. Suppose s i— > 
is continuous with respect to the Hausdorff metric. Construct a positive closed 
current supported on U\s-so\<5{s} x with slices fis- Deduce that if ^ does 
not contain critical points of fsQ then s h- >• Lk{s) is pluriharmonic near sq. 

Notes. Several results in this chapter still hold for larger classes of polynomial-like 

maps. For example, the construction of the equilibrium measure is valid for a man- 
ifold V admitting a smooth strictly p.s.h. function. The dd'^-method was originally 
introduced for polynomial-like maps. However, we have seen that it is also effective 
for endomorphisms of P*^. In a forthcoming survey, we will show that the method can 
be extended to other dynamical systems. Several statistical properties obtained in this 
chapter are new. 



Appendix A 

Currents and pluripotential 
theory 

In this appendix, we recall some basic notions and results on complex geometry 
and on currents in the complex setting. Most of the results are classical and their 
proofs are not given here. In constrast, we describe in detail some notions in 
order to help the reader who are not familiar with complex geometry or currents. 
The main references for the abstract theory of currents are [27l [33l EH 11121 1128] . 
The reader will find in [30l [791 EH], [961 1105] the basics on currents on complex 
manifolds. We also refer to [301 ES, [HHl 1125] for the theory of compact Kahler 
manifolds. 

A.l Projective spaces and analytic sets 

In this paragraph, we recall the definition of complex projective spaces. We then 
discuss briefly compact Kahler manifolds, projective manifolds and analytic sets. 

The complex projective space is a compact complex manifold of dimension 
k. It is obtained as the quotient of C'^"^^ \ {0} by the natural multiplicative action 
of C*. In other words, P*^ is the parameter space of the complex lines passing 
through in C*^+^ The image of a subspace of dimension p + 1 of C*^"*"^ is a 
submanifold of dimension p in P'^, bi-holomorphic to P^, and is called a projective 
subspace of dimension p. Hyperplanes of P'^ are projective subspaces of dimension 
k — 1. The group GL(C, k + 1) of invertible linear endomorphisms of C'^"'"^ induces 
the group PGL(C, A; + 1) of automorphisms of P'^. It acts transitively on P'^ and 
sends projective subspaces to projective subspaces. 

Let z = {zq, . . . ,Zk) denote the standard coordinates of C^+^. Consider the 
equivalence relation: z ^ z' if there is X E C* such that z = Xz'. The projective 
space P'^ is the quotient of C^+^\{0} by this relation. We can cover P'^ by open sets 
Ui associated to the open sets {zi ^ 0} in C*^"*"^ \ {0}. Each f/j is bi-holomorphic 
to and {zo/zi, . . . , Zi_i/zi, Zi+i/zi, . . . , Zk/zi) is a coordinate system on this 
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chart. The complement of Ui is the hyperplane defined by {zi = 0}. So, P'^ can 
be considered as a natural compactification of C'^. We denote hj [zq : ■ ■ ■ : Zk] 
the point of P^' associated to {zq, . . . , Zk). This expression is the homogeneous 
coordinates on P'^. Projective spaces are compact Kahler manifolds. We will 
describe this notion later. 

Let X be a complex manifold of dimension k. Let (/9 be a differential /-form 
on X. In local holomorphic coordinates z = {zi, Zk), it can be written as 

ip{z) = ^ ^ijdzi A cf^j, 

\i\+\J\=i 

where (pu are complex- valued functions, dzj :— dzi^ A ... A dzi^ if 7 = (ii, . . . , ip), 
and dzj :— dzj^ A ... A dzj^ if J — {ji, ■ ■ ■ , jq)- The conjugate of (f is 

^(^) •= ^/jc?^/ ^ dzj. 

\i\+\J\=i 

The form (p is real if and only if ip = Tp. 

We say that ip is a form of o/ bidegree (p, g) if <^/j = when (|/|, | J|) 7^ {p,q)- 
The bidegree does not depend on the choice of local coordinates. Let denote 
the complexification of the tangent bundle of X. The complex structure on X 
induces a linear endomorphism ^ on the fibers of such that = —id. 
This endomorphism induces a decomposition of into the direct sum of two 
proper sub-bundles of dimension k: the holomorphic part T^'° associated to the 
eigenvalue 1 of and the anti-holomorphic part T^^ associated to the eigenvalue 
— 1. Let and denote the dual bundles of T^'° and T^^. Then, (p, g)-form 
are sections of the vector bundle /\^ fi^'" ® /\^ 

If is a (p, g)-form then the differential dp is the sum of a (p + l,g)-form 
and a {p,q + l)-form. We then denote by dp the part of bidegree (p -|- 1, q) and 
d(p the the part of bidegree {p,q + 1). The operators d and d extend linearly 
to arbitrary forms p. The operator d is real, i.e. it sends real forms to real 
forms but d and d are not real. The identity d o d = implies that d o d — 0, 
d o d = and dd + dd = 0. Define d'^ := ^^-{d — d). This operator is real 

and satisfies dd^ = ^^^dd. Note that the above operators commute with the 
pull-back by holomorphic maps. More precisely, if r : Xi — > X2 is a holomorphic 
map between complex manifolds and </? is a form on X2 then df*{p) = f*{dp), 
dd'^f*{(p) — f*{dd^p), etc. Recall that the form p is closed (resp. 9-closed, d- 
closed, dd'^-closed) if dp (resp. dp, dp), dd'^p) vanishes. The form p is exact (resp. 
5-exact, 9-exact, cici'^-exact) if it is equal to the differential dil^ (resp. c^V^, c^V^, 
dd'^il)) of a form ip. Clearly, exact forms are closed. 

A smooth (1, l)-form a; on X is Hermitian if it can be written in local coor- 
dinates as 

uj{z) — V—1 aij{z)dzi A dzj, 

l<i,j<k 
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where aij are smooth functions such that the matrix is Hcrmitian. We 

consider a form u such that the matrix (aij) is positive definite at every point. 
It is strictly positive in the sense that we will introduce later. If a is a point in 
X, we can find local coordinates z such that z — ai a and cu is equal near to 
the Euclidean form dd'^H^;!!^ modulo a term of order \\z\\. The form uj is always 
real and induces a norm on the tangent spaces of X. So, it defines a Riemannian 
metric on X. We say that uj is a Kdhler form if it is a closed positive definite 
Hermitian form. In this case, one can find local coordinates z such that z = 
at a and cu is equal near to modulo a term of order H-zp. So, at the 

infinitesimal level, a Kahler metric is close to the Euclidean one. This is a crucial 
property in Hodge theory in the complex setting. 

Consider now a compact complex manifold X of dimension k. Assume that 
X is a Kdhler manifold, i.e. it admits a Kahler form uj. Recall that the de Rham 
cohomology group H\X, C) is the quotient of the space of closed Z-forms by the 
subspace of exact /-forms. This complex vector space is of finite dimension. The 
real groups H\X, M) are defined in the same way using real forms. We have 

H\X,C)^H\X,R) ®m C. 

If a is a closed /-form, its class in H\X, C) is denoted by [a]. The group H^{X, C) 
is just the set of constant functions. So, it is isomorphic to C. The group 
H'^^{X, C) is also isomorphic to C. The isomorphism is given by the canonical 
map [a] i— > a. For /, m such that I -\-m < 2k, the cup-product 

w: H\X,C) X H"\X,C) //'+"^(X,C) 

is defined by [a] [j3\ := [a A j3]. The Poincare duality theorem says that the 
cup-product is a non-degenerated bilinear form when I + m = 2k. So, it defines 
an isomorphism between H\X, C) and the dual of H'^^^\X, C). 

Let HP'i{X,C), <p,q < k, denote the subspace of Hp+i{X,C) generated 
by the classes of closed (p, g)-forms. We call HP''^{X,C) the Hodge cohomology 
group. Hodge theory shows that 

//'(X,C) = //P'«(X,C) and H'i'P{X,C)^HP'i{X,C). 

p+q=l 

This, together with the Poincare duality, induces a canonical isomorphism be- 
tween HP''i{X, C) and the dual space of H''-P'''-i{X, C). Define for p = g 

HP'P{X, R) := HP'P{X, C) n H^p{X, M). 

We have 

HP'P{X, C) = HP^P{X, M) ®M C. 

Recall that the Dolbeault cohomology group H^'^{X) is the quotient of the 
space of 9-closed (p, g)-forms by the subspace of 9-exact (p, g)-forms. Observe 
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that a [p, g)-form is d-closed if and only if it is (9-closed and (9-closed. Therefore, 
there is a natural morphism between the Hodge and the Dolbeault cohomology 
groups. Hodge theory asserts that this is in fact an isomorphism: we have 



The result is a consequence of the following theorem, the so-called dd'^ -lemma, 
see e.g. pifT^. 

Theorem A. 1.1. Let ip he a smooth d-closed {p,q)-form on X. Then ip is dd'^- 
exact if and only if it is d- exact (or d- exact or d- exact). 

The projective space P'^ admits a Kahler form ujps, called the Fuhini-Study 
form. It is defined on the chart f/j by 



In other words, if vr : C'^^^ \ {0} ¥^ is the canonical projection, then tups is 
defined by 



One can check that cjpg is a probability measure on P'^'. The cohomology groups 
of P*^ are very simple. We have i7P'^(P'=, C) = for p g and i^P'P(P^ C) ^ 
C. The groups i7P'P(P'=,M) and HP'P{XX) are generated by the class of tu^g. 
Submanifolds of P'^ are Kahler, as submanifolds of a Kahler manifold. Chow's 
theorem says that such a manifold is algebraic, i.e. it is the set of common 
zeros of a finite family of homogeneous polynomials in z. A compact manifold 
is projective if it is bi-holomorphic to a submanifold of a projective space. Their 
cohomology groups are in general very rich and difficult to describe. 

A useful result of Blanchard [15] says that the blow-up of a compact Kahler 
manifold along a submanifold is always a compact Kahler manifold. The con- 
struction of the blow-up is as follows. Consider first the case of open sets in C*^ 
with k > 2. Observe that is the union of the complex lines passing through 
which are parametrized by the projective space P*'"^. The blow-up of C*^ 
at is obtained by separating these complex lines, that is, we keep C''' \ {0} 
and replace by a copy of P*^"^. More precisely, if 2; = {zi, . . . ,Zk) denote the 
coordinates of and [w] = [wi : ■ ■ ■ : Wk] are homogeneous coordinates of P^~^, 
then is the submanifold of C*^ x p'^'^i defined by the equations ZiWj = ZjWi for 
^ i, j k. If U is an open set in C'^ containing 0, the blow-up U of U at is 
defined by tt^^{U) where vr : C*-' — C'^ is the canonical projection. 

If [/ is a neighbourhood of in C*^"^, p < k — 2, and V is an open set in C^, 
then the blow-up of U x V along {0} x is equal to U x V. Consider now a 
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submanifold F of X of dimension p < k — 2. We cover X by charts which either do 
not intersect Y or are of the type U xV, where Y is identified with {0} x V. The 
blow-up X is obtained by sticking the charts outside Y with the blow-ups of charts 
which intersect Y. The natural projection ir : X ^ X defines a bi-holomorphic 
map between X \ 7T^^(Y) and X \ Y. The set tt^^(Y) is a smooth hypersurface, 
i.e. submanifold of codimension 1; it is called the exceptional hypersurface. Blow- 
up may be defined using the local ideals of holomorphic functions vanishing on 
Y. The blow-up of a projective manifold along a submanifold is a projective 
manifold. 

We now recall some facts on analytic sets, see [79lll05j . Let X be an arbitrary 
complex manifold of dimension k^. Analytic sets of X can be seen as submani- 
folds of X, possibly with singularities. Analytic sets of dimension are locally 
finite subsets, those of dimension 1 are (possibly singular) Riemann surfaces. For 
example, {zf = Zg} is an analytic set of of dimension 1 with a singularity at 
0. Chow's theorem holds for analytic sets: any analytic set in is the set of 
common zeros of a finite family of homogeneous polynomials. 

Recall that an analytic set F of X is locally the set of common zeros of 
holomorphic functions: for every point a G X there is a neighbourhood U of a 
and holomorphic functions on U such that YCiU is the intersection of {/j = 0}. 
We can choose U so that Y (1 U is defined by a finite family of holomorphic 
functions. Analytic sets are closed for the usual topology on X. Local rings of 
holomorphic functions on X induce local rings of holomorphic functions on Y. 
An analytic set Y is irreducible if it is not a union of two different non-empty 
analytic sets of X. A general analytic set Y can be decomposed in a unique way 
into a union of irreducible analytic subsets Y = Ul^, where no component Yi is 
contained in another one. The decomposition is locally finite, that is, given a 
compact set K in X, only finitely many Y^ intersect K. 

Any increasing sequence of irreducible analytic subsets of X is stationary. A 
decreasing sequence of analytic subsets of X is always locally stationary, that 
is, for any compact subset K of X, the sequence (F„ HK) is stationary. Here, we 
do not suppose Yn irreducible. The topology on X whose closed sets are exactly 
the analytic sets, is called the Zariski topology. When X is connected, non-empty 
open Zariski sets are dense in X for the usual topology. The restriction of the 
Zariski topology on X to F is also called the Zariski topology of Y. When Y is 
irreducible, the non-empty Zariski open subsets are also dense in Y but this is 
not the case for reducible analytic sets. 

There is a minimal analytic subset sing(y) in X such that Y \ sing(y) is a 
(smooth) complex submanifold of X \ sing(y), i.e. a complex manifold which 
is closed and without boundary in X \ sing(y). The analytic set sing(y) is the 
singular part of Y. The regular part of Y is denoted by reg(y); it is equal to 
Y \ sing(y). The manifold reg(y) is not necessarily irreducible; it may have 



We often assume that X is connected for simplicity. 
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several components. We call dimension of Y, dim(y), the maximum of the 
dimensions of these components; the codimension codim(y) of F in X is the 
integer k — dim(F). We say that F is a proper analytic set of X if it has positive 
codimension. When all the components of Y have the same dimension, we say 
that Y is of pure dimension or of pure codimension. When sing(y) is non- 
empty, its dimension is always strictly smaller than the dimension of Y. We can 
again decompose sing(y) into regular and singular parts. The procedure can be 
repeated less than k times and gives a stratification of Y into disjoint complex 
manifolds. Note that Y is irreducible if and only if reg(F) is a connected manifold. 
The following result is due to Wirtinger. 

Theorem A. 1.2 (Wirtinger). Let Y be analytic set of pure dimension p of a 
Hermitian manifold {X,uj). Then the 2p- dimensional volume ofY on a Borel set 
K is equal to 

volume (y nK) = - I u^. 

P- Jreg{Y)r\K 

Here, the volume is with respect to the Riemannian metric induced by uo. 

Let Dk denote the unit polydisc {\zi\ < 1, . . . ,\zk\ < 1} in C*^. The following 
result describes the local structure of analytic sets. 

Theorem A. 1.3. Let Y be an analytic set of pure dimension p of X. Let a be 
a point ofY. Then there is a holomorphic chart U of X, bi-holomorphic to D^, 
with local coordinates z — {zi, . . . , Zk), such that z — at a, U is given by {\zi\ < 
1, . . . , \zk\ < 1} and the projection vr : C/ — > Dp, defined by 7r{z) := {zi, . . . , Zp), 
is proper onYCiU. In this case, there is a proper analytic subset S of Dp such 
that t: : Y nU \ 7i~^{S) Dp\ S is a finite covering and the singularities of Y 
are contained in 7i^^{S). 

Recall that a holomorphic map r : Xi — > X2 between complex manifolds 
of the same dimension is a covering of degree d if each point of X2 admits a 
neighbourhood V such that r~^{V) is a disjoint union of d open sets, each of 
which is sent bi-holomorphically to V by r. Observe the previous theorem also 
implies that the fibers of tt : Y (lU — > Dp are finite and contain at most d points 
if d is the degree of the covering. We can reduce U in order to have that a is 
the unique point in the fiber 7r~^(0) fl Y. The degree d of the covering depends 
on the choice of coordinates and the smallest integer d obtained in this way is 
called the multiplicity of y at a and is denoted by mult (y, a). We will see that 
mult(y, a) is the Lelong number at a of the positive closed current associated to 
y. In other words, if Bj. denotes the ball of center a and of radius r, then the 
ratio between the volume ofYflBj. and the volume of a ball of radius r in 
decreases to mult(y, a) when r decreases to 0. 

Let r : Xi — > X2 be an open holomorphic map between complex manifolds of 
the same dimension. Applying the above result to the graph of r, we can show 
that for any point a E Xi and for a neighbourhood U of a small enough, if z is 
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a generic point in X2 close enough to r(a), the number of points in t^^{z) H U 
does not depend on z. We call this number the multiplicity or the local topological 
degree of r at a. We say that r is a ramified covering of degree (i if r is open, 
proper and each fiber of r contains exactly d points counted with multiplicity. 
In this case, if S2 is the set of critical values of r and Si := r^^(S2), then 
r : Xi \ Si — > X2 \ S2 is a covering of degree d. 

We recall the notion of analytic space which generalizes complex manifolds 
and their analytic subsets. An analytic space of dimension < p is defined as 
a complex manifold but a chart is replaced by an analytic subset of dimension 
< p in an open set of a complex Euclidean space. As in the case of analytic 
subsets, one can decompose analytic spaces into irreducible components and into 
regular and singular parts. The notions of dimension, of Zariski topology and of 
holomorphic maps can be extended to analytic spaces. The precise definition uses 
the local ring of holomorphic functions, see [7^ll05j . An analytic space is normal 
if the local ring of holomorphic functions at every point is integrally closed. This 
is equivalent to the fact that for U open in Z holomorphic functions on reg(Z) fit/ 
which are bounded near sing(Z) fit/, are holomorphic on U . In particular, normal 
analytic spaces are locally irreducible. A holomorphic map / : Zi — > Z2 between 
complex spaces is a continuous map which induces morphisms from local rings of 
holomorphic functions on Z2 to the ones on Zi. The notions of ramified covering, 
of multiplicity and of open maps can be extended to normal analytic spaces. We 
have the following useful result where Z is called normalization of Z. 

Theorem A. 1.4. Let Z he an analytic space. Then there is a unique, up to 
a bi-holomorphic map, normal analytic space Z and a finite holomorphic map 
TT : Z ^ Z such that 

L 7r"-'^(reg(Z)) is a dense Zariski open set of Z and vr defines a bi-holomorphic 
map between Tc'^lieglZ)) and reg(Z); 

2. If T : Z' ^ Z is a holomorphic map between analytic spaces, then there is 
a unique holomorphic map h : Z' Z satisfying ti oh = t. 

In particular, holomorphic self-maps of Z can be lifted to holomorphic self-maps 
ofZ. 

Example A. 1.5. Let tt : C — be the holomorphic map given by 7r(t) = 

This map defines a normalization of the analytic curve {z\ = z^} in 
which is singular at 0. The normalization of the analytic set {zi = 0} U {z^ = z^} 
is the union of two disjoint complex lines. The normalization of a complex curve 
(an analytic set of pure dimension 1) is always smooth. 

The following desingularization theorem, due to Hironaka, is very useful. 

Theorem A. 1.6. Let Z be an analytic space. Then there is a smooth manifold 
Z , possibly reducible, and a holomorphic map it : Z ^ Z such that 'K~^{ieg{Z)) 
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is a dense Zariski open set of Z and vr defines a bi-holomorphic map between 
7i~^{Teg{Z)) andreg^Z). 

When Z is an analytic subset of a manifold X, then one can obtain a map tt : 
X — > X using a sequence of blow-ups along the singularities of Z. The manifold 
Z is the strict transform of Z by vr. The difference with the normalization of Z 
is that we do not have the second property in Theorem IA.1.41 but Z is smooth. 



Exercise A. 1.1. Let X be a compact Kdhler manifold of dimension k. Show 
that the Betti number hi, i.e. the dimension o/if'(X, M), is even if I is odd and 
does not vanish if I is even. 

Exercise A. 1.2. Let Grass(/, A;) denote the Grassmannian, i.e. the set of linear 
subspaces of dimension I of C^. Show that Grass(Z, k) admits a natural structure 
of a projective manifold. 

Exercise A. 1.3. Let X be a compact complex manifold of dimension > 2 and 
tt: XxX—^XxX the blow-up of X x X along the diagonal A. Let 111,112 
denote the natural projections from X x X onto the two factors X of X x X . 
Show that Hi, 112 o^^^^ their restrictions to 7r^^(A) are submersions. 

Exercise A. 1.4. Let E be a finite or countable union of proper analytic subsets 
of a connected manifold X . Show that X\E is connected and dense in X for the 
usual topology. 

Exercise A. 1.5. Let t : Xi ^ X2 be a ramified covering of degree n. Let (f be a 
function on Xi. Define 



where the points in t^^{z) are counted with multiplicity. If (f is upper semi- 
continuous or continuous, show that T^,{(p) is upper semi- continuous or continuous 
respectively. Show that the result still holds for a general open map r between 
manifolds of the same dimension if ip has compact support in Xi . 

A. 2 Positive currents and p.s.h. functions 

In this paragraph, we introduce positive forms, positive currents and plurisubhar- 
monic functions on complex manifolds. The concept of positivity and the notion 
of plurisubharmonic functions are due to Lelong and Oka. The theory has many 
applications in complex algebraic geometry and in dynamics. 

Let X be a complex manifold of dimension k and uj a Hermitian (1, l)-form 
on X which is positive definite at every point. Recall that a current S on X, 
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of degree / and of dimension 2k — I, is a continuous linear form on the space 
^^'^"^(X) of smooth {2k — Z)-forms with compact support in X. Its value on a 
{2k — /)-form ip G ^^'^"'(X) is denoted by S{ip) or more frequently by {S, ip). On 
a chart, S corresponds to a continuous linear form acting on the coefficients of (p. 
So, it can be represented as an Z-form with distribution coefficients. A sequence 
{Sn) of /-currents converges to an /-current S if for every (p G ^^'^"'(X), ip) 
converge to {S, ip) . The conjugate of S is the /-current S defined by 

(S, ip) := 

for ip G &'^^~\X). The current S is real if and only il S = S. 

The support of S is the smallest closed subset supp(S') of X such that {S, ip) — 
when ip is supported on X \ supp(S'). The current S extends continuously to 
the space of smooth forms ip such that supp((/9) fl supp(S') is compact in X. If 
X' is a complex manifold of dimension k' with 2k' > 2k — I, and if r : X ^ X' 
is a holomorphic map which is proper on the support of S, we can define the 
push-forward T^{S) of S by r. This is a current t^{S) of the same dimension than 
S, i.e. of degree 2k' — 2k-\-l, which is supported on r(supp(5')), it satisfies 

(r,(^),^) :=(5,r*(^)) 

for ip G ^^'^~'(X'). If X' is a complex manifold of dimension k' > k and if 
r : X' — * X is a submersion, wc can define the pull-back t*{S) of S by r. This is 
an /-current supported on r^^(supp(5')), it satisfies 

{r*{S),ip) {S,n{ip)) 

for ip G ^2'='-'(X'). Indeed, since r is a submersion, the current T^{ip) is in fact 
a smooth form with compact support in X; it is given by an integral of ip on the 
fibers of r. 

Any smooth differential /-form ip on X defines a current: it defines the con- 
tinuous linear form ip J-^ ip A ip on ip E ^^''^\X). So, currents extend the 
notion of differential forms. The operators d, d, d on differential forms extend to 
currents. For example, we have that is an (/ -|- 1) -current defined by 

{dS,ip) := {-iy{S,dip) 

for ip G ^^*^~'~^(X). One easily check that when 5* is a smooth form, the above 
identity is a consequence of the Stokes' formula. We say that S is of bidegree 
{p, q) and of bidimension {k — p, k — q) if it vanishes on forms of bidegree (r, s) ^ 
{k — p, k — q). The conjugate of a {p, g)-current is of bidegree {q,p)- So, if such 
a current is real, we have necessarily p — q. Note that the push-forward and 
the pull-back by holomorphic maps commute with the above operators. They 
preserve real currents; the push-forward preserves the bidimension and the pull- 
back preserves the bidegree. 
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There are three notions of positivity which coincide for the bidegrees (0,0), 
(1, 1), {k — 1, k — 1) and {k, k). Here, we only use two of them. They are dual to 
each other. A (p, p)-form ip is (strongly) positive if at each point, it is equal to a 
combination with positive coefficients of forms of type 

A oil) A ... A {s/^^ap A clp), 

where are (1, 0)-forms. Any (p, p)-form can be written as a finite combination 
of positive (p, j9)-forms. For example, in local coordinates z, a (1, l)-form uj is 
written as 

k 

u) = aijV^dzi A dzj, 

where aij are functions. This form is positive if and only if the matrix (aij) 
is positive semi-definite at every point. In local coordinates z, the (1, l)-form 
is positive. One can write dzi A dz2 as a combination of dzi A dzi, 

dz2 A dz2, d{zi ± Z2) A d{zi ± Z2) and d{zi ± \/^Z2) A d{zi ± \^^Z2)- Hence, 
positive forms generate the space of (p,p)-forms. 

A (p,p)-current S is weakly positive if for every smooth positive {k — p, k — p)- 
form 5* A is a positive measure and is positive if A is a positive measure 
for every smooth weakly positive {k — p, k — p)-form if. Positivity implies weak 
positivity. These properties are preserved under pull-back by holomorphic sub- 
mersions and push-forward by proper holomorphic maps. Positive and weakly 
positive forms and currents are real. One can consider positive and weakly posi- 
tive (p, p)-forms as sections of some bundles of salient convex closed cones which 
are contained in the real part of the vector bundle /\^ Q-^'^ (8) /\^ fl^'^. 

The wedge-product of a positive current with a positive form is positive. 
The wedge-product of a weakly positive current with a positive form is weakly 
positive. Wedge-products of weakly positive forms or currents are not always 
weakly positive. For real (p, p)-currents or forms S, S', we will write S > S' and 
S" < S' if S* — S" is positive. A current S is negative if —S is positive. A {p,p)- 
current or form S is strictly positive if in local coordinates z, there is a constant 
e > such that S > e{dd'^\\z\\'^y . Equivalently, 5* is strictly positive if we have 
locally 5* > eu^ with e > 0. 

Example A. 2.1. Let Y be an analytic set of pure codimension p of X. Using 
the local description of Y near a singularity in Theorem IA.1.31 and Wirtinger's 
theorem lA. 1.21 one can prove that the 2(/c— p)-dimensional volume of Y is locally 
finite in X. This allows to define the following (p, p)-current [Y] by 

m,^):= [ ^ 

Jrcg(y) 

for ip in ^^~^''^~^(X), the space of smooth {k —p,k — p)-forms with compact 
support in X. Lelong proved that this current is positive and closed ^30i i96j . 
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If 5* is a (weakly) positive (p, p)-current, it is of order 0, i.e. it extends 
continuously to the space of continuous forms with compact support in X. In 
other words, on a chart of X, the current 5* corresponds to a differential form 
with measure coefficients. We define the mass of X on a Borel set K by 



When K is relatively compact in X, we obtain an equivalent norm if we change 
the Hermitian metric on X. This is a consequence of the property we mentioned 
above, which says that S takes values in salient convex closed cones. Note that 
the previous mass-norm is just defined by an integral, which is easier to compute 
or to estimate than the usual mass for currents on real manifolds. 

Positivity implies an important compactness property. As for positive mea- 
sures, any family of positive (p,p)-currents with locally uniformly bounded mass, 
is relatively compact in the cone of positive (p, p)-currents. For the current [Y] 
in Example IA.2.11 by Wirtinger's theorem, the mass on K is equal to {k — p)\ 
times the volume of Y (1 K with respect to the considered Hermitian metric. If 
is a negative (p,p)-current, its mass is defined by 



The following result is the complex version of the classical support theorem in 
the real setting, [1 ESI EH- 

Proposition A. 2. 2. Let S be a {p,p)- current supported on a smooth complex 
suhmanifold Y of X. Let r : Y ^ X denote the inclusion map. Assume that S 
is C-normal, i.e. S and dd'^S are of order 0. Then, S is a current on Y . More 
precisely, there is a 'C-normal {p,p) -current S' on Y such that S = r*(S"). If S 
is positive closed and Y is of dimension k — p, then S is equal to a combination 
with positive coefficients of currents of integration on components ofY. 

The last property holds also when F is a singular analytic set. Proposition 
IA.2.21 applies to positive closed {p, p)-currents which play an important role in 
complex geometry and dynamics. These currents generalize analytic sets of di- 
mension k — p, as we have seen in Example IA.2.11 They have no mass on Borel 
sets of 2{k — p)-dimensional Hausdorff measure 0. The proposition is used in 
order to develop a calculus on potentials of closed currents. 

We introduce now the notion of Lelong number for such currents which gen- 
eralizes the notion of multiplicity for analytic sets. Let S" be a positive closed 
(p,p)-current on X. Consider local coordinates 2; on a chart U of X and the 
local Kahler form Let Ba{r) denote the ball of center a and of radius r 

contained in U. Then, S A is a positive measure on U. Define for 
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Note that 7r'^~Pr^('^~^^ is {k—p)\ times the volume of a ball in C'^-p of radius r, i.e. 
the mass of the current associated to this ball. When r decreases to 0, //(S*, a,r) 
is decreasing and the Lelong number of 5* at a is the limit 

h'{S,a) := lim 1/(5*, a, r). 

It does not depend on the coordinates. So, we can define the Lelong number 
for currents on any manifold. Note that i>{S, a) is also the mass of the measure 
S A {dd'^log \\z — a||)'^~^ at a. We will discuss the wedge-product (intersection) of 
currents in the next paragraph. 

If S is the current of integration on an analytic set Y, by Thie's theorem, 
//(S*, a) is equal to the multiplicity of y at a which is an integer. This implies the 
following Lelong's inequality: the Euclidean 2{k — p)- dimensional volume ofY in 
a ball Ba{r) centered at a point a G Y , is at least equal to jj^ZpyT^'^~^'r'^'^^~P\ the 
volume in Ba{r) of a {k — p) -dimensional linear space passing through a. 

Positive closed currents generalize analytic sets but they are much more flex- 
ible. A remarkable fact is that the use of positive closed currents allows to con- 
struct analytic sets. The following theorem of Siu [118| is a beautiful application 
of the complex method. 

Theorem A. 2. 3. Let S be a positive closed {p,p)-current on X. Then, for 
c > 0, the level set {//(S*, a) > c} of the Lelong number is an analytic set of X, 
of dimension < k — p. Moreover, there is a unique decomposition S = Si + S2 
where Si is a locally finite combination, with positive coefficients, of currents of 
integration on analytic sets of codimension p and S2 is a positive closed {p,p)- 
current such that {z/(S'2, z) > 0} is a finite or countable union of analytic sets of 
dimension < k — p — 1. 

Calculus on currents is often delicate. However, the theory is well developped 
for positive closed (1, l)-currents thanks to the use of plurisubharmonic functions. 
Note that positive closed (1, l)-currents correspond to hypersurfaces (analytic sets 
of pure codimension 1) in complex geometry and working with (p, p)-currents, as 
with higher codimension analytic sets, is more difficult. 

An upper semi-continuous function : X — > M U {—00}, not identically —00 
on any component of X, is plurisubharmonic (p.s.h. for short) if it is subharmonic 
or identically —00 on any holomorphic disc in X. Recall that a holomorphic disc 
in X is a holomorphic map t : A —>■ X where A is the unit disc in C. One often 
identifies this holomorphic disc with its image t(A). If u is p.s.h., then m o r is 
subharmonic or identically — cxo on A. As for subharmonic functions, we have the 
submean inequality: in local coordinates, the value at a of a p.s.h. function is 
smaller or equal to the average of the function on a sphere centered at a. Indeed, 
this average increases with the radius of the sphere. The submean inequality 
implies the maximum principle: if a p.s.h. function on a connected manifold 
X has a local maximum, it is constant. The semi- continuity implies that p.s.h. 
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functions are locally bounded from above. A function v is pluriharmonic if v 
and —V are p.s.h. Pluriharmonic functions are locally real parts of liolomorphic 
functions, in particular, they are real analytic. The following proposition is of 
constant use. 

Proposition A. 2. 4. A function u : X — >• M U {— oo} is p.s.h. if and only if the 
following conditions are satisfied 

1. u is strongly upper semi- continuous, that is, for any subset A of full Lebesgue 
measure in X and for any point a in X, we have u{a) = limsnp u{z) when 
z —>■ a and z & A. 

2. u is locally integrable with respect to the Lebesgue measure on X and dd'^u 
is a positive closed (1, 1)- current. 

Conversely, any positive closed (1, l)-current can be locally written as dd'^u 
where m is a (local) p.s.h. function. This function is called a local potential 
of the current. Two local potentials differ by a pluriharmonic function. So, 
there is almost a correspondence between positive closed (1, l)-currents and p.s.h. 
functions. We say that u is strictly p.s.h. if dd'^u is strictly positive. The p.s.h. 
functions are defined at every point; this is a crucial property in pluripotential 
theory. Other important properties of this class of functions are some strong 
compactness properties that we state below. 

If S" is a positive closed (p, p)-current, one can write locally S = dd'^U with 
U a {p — l,p — l)-current. We can choose the potential U negative with good 
estimates on the mass but the difference of two potentials may be very singular. 
The use of potentials U is much more delicate than in the bidegree (1, 1) case. 
We state here a useful local estimate, see e.g. [12]. 

Proposition A. 2. 5. Let V be convex open domain in and W an open set 
with W V . Let S be a positive closed {p,p)-current on V. Then there is a 
negative L^ form U of bidegree (p — l,p — 1) on W such that dd'^U = S and 
||f^||Li(H^) ^ c||S'||y where c > is a constant independent of S. Moreover, 
U depends continuously on S, where the continuity is with respect to the weak 
topology on S and the L^{W) topology on U. 

Note that when p = 1, U is equal almost everywhere to a p.s.h. function u 
such that dd'^u = S. 

Example A. 2. 6. Let / be a holomorphic function on X not identically on 
any component of X. Then, log |/| is a p.s.h. function and we have dd'^log \ f\ = 
ni[Zi\ where Zi are irreducible components of the hypersurface {/ = 0} and rii 
their multiplicities. The last equation is called Poincare-Lelong equation. Locally, 
the ideal of holomorphic functions vanishing on Zj is generated by a holomorphic 
function Qi and / is equal to the product of Y[ qT with a non- vanishing holomor- 
phic function. In some sense, log |/| is one of the most singular p.s.h. functions. 
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If X is a ball, the convex set generated by such functions is dense in the cone of 
p.s.h. functions [79] for the L}^^ topology. If /i, . . . , /„ are holomorphic on 
X, not identically on a component of X, then log(|/ip + ■ ■ ■ + |/nP) is also a 
p.s.h. function. 

The following proposition is useful in constructing p.s.h. functions. 

Proposition A. 2. 7. Let x be a function defined on (MU {— oo})" with values in 
M U {— cxd}, not identically —oo, which is convex in all variables and increasing 
in each variable. Let ui, . . . ,Un be p.s.h. functions on X . Then . . . , Un) is 
p.s.h. In particular, the function max(ui, . . . , u„) is p.s.h. 

We call complete pluripolar set the pole set {u = — oo} of a p.s.h. function 
and pluripolar set a subset of a complete pluripolar one. Pluripolar sets are of 
Hausdorff dimension < 2k — 2, in particular, they have zero Lebesgue measure. 
Finite and countable unions of (locally) pluripolar sets are (locally) pluripolar. In 
particular, finite and countable unions of analytic subsets are locally pluripolar. 

Proposition A. 2. 8. Let E be a closed pluripolar set in X andu a p.s.h. function 
on X\E, locally bounded above near E. Then the extension of u to X given by 

u{z) := limsup'u(w) for z ^ E, 

W — »2 

wex\E 

is a p.s.h. function. 

The following result describes compactness properties of p.s.h. functions, see 
[85]. 

Proposition A. 2. 9. Let {un) be a sequence of p.s.h. functions on X , locally 
bounded from above. Then either it converges locally uniformly to —oo on a 
component of X or there is a subsequence {un,) which converges in L^^^[X) to 
a p.s.h. function u for every p with 1 < p < oo. In the second case, we have 
limsupWn^ < u with equality outside a pluripolar set. Moreover, if K is a compact 
subset of X and if h is a continuous function on K such that u < h on K , then 
< h on K for i large enough. 

The last assertion is the classical Hartogs' lemma. It suggests the following 
notion of convergence introduced in [SB]. Let (m„) be a sequence of p.s.h. func- 
tions converging to a p.s.h. function u in Lj^^^X). We say that the sequence (ti„) 
converges in the Hartogs' sense or is H-convergent if for any compact subset K 
of X there are constants c„ converging to such that m„ + c„ > m on K. In this 
case, Hartogs' lemma implies that Un converge pointwise to u. If («„) decreases 
to a function u, not identically — oo, then u is p.s.h. and (m„) converges in the 
Hartogs' sense. The following result is useful in the calculus with p.s.h. functions. 
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Proposition A. 2. 10. Let u be a p.s.h. function on an open subset D ofC^. Let 
D' D be an open set. Then, there is a sequence of smooth p.s.h. functions Un 
on D' which decreases to u. 

The functions u„ can be obtained as tlie standard convolution of u with some 
radial function p„ on C'^. The submean inequahty for u allows to choose Pn so 
that Un decrease to u. 

The following result, see |[86j, may be considered as the strongest compactness 
property for p.s.h. functions. The proof can be reduced to the one dimensional 
case by slicing. 

Theorem A. 2. 11. Let ^ be a family of p.s.h. functions on X which is bounded 
in Ll^^{X). Let K be a compact subset of X . Then there are constants a > 
and A > such that 

\\e~mLHK) < A 

for every function u in . 

P.s.h. functions are in general unbounded. However, the last result shows that 
such functions are nearly bounded. The above family ^ is uniformly bounded 
from above on K. So, we also have the estimate 

for u in and for some (other) constants a, A. More precise estimates can be 
obtained in terms of the maximal Lelong number of dd'^u in a neighbourhood of 
K. 

Define the Lelong number v{u, a) of m at a as the Lelong number of dd'^u at a. 
The following result describes the relation with the singularity of p.s.h. functions 
near a pole. We fix here a local coordinate system for X. 

Proposition A. 2. 12. The Lelong number z/(m, a) is the supremum of the number 
V such that the inequality u{z) < z/log \\z — a\\ holds in a neighbourhood of a. 

If 5* is a positive closed (p, p)-current, the Lelong number 1/(5,0) can be 
computed as the mass at a of the measure S A [dd'^ log \\z — a\\)'^~^. This property 
allows to prove the following result, due to Demailly [30], which is useful in 
dynamics. 

Proposition A. 2. 13. Letr : (C^,0) (C'^,0) be a germ of an open holomorphic 
map with r(0) = 0. Let d denote the multiplicity of t at 0. Let S be a positive 
closed {p,p) -current on a neighbourhood ofO. Then, the Lelong number o/r*(S') 
at satisfies the inequalities 

iy{S,0) < iy{r,iS),0) < d^-Piy{S,0). 

In particular, we have i/(r^,(S'), 0) = if and only if v{S, 0) = 0. 
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Assume now that X is a compact Kahler manifold and is a Kahler form on 
X. If 5* is a dd'^-dosed (p, p)-current, we can, using the dd'^-lemma, define a hnear 
form on H^~^'^~^{X,'C) by [a] i— *• {S,a). Therefore, the Poincare duahty imphes 
that S is canonically associated to a class [S] in H'P''p{X, C). If is real then [S] 
is in HP'P{X, M). If 5* is positive, its mass {S, uj^^p) depends only on the class [5*]. 
So, the mass of positive dd'^-closed currents can be computed cohomologically. In 
P'^, the mass of is 1 since tUpg is a probability measure. If if is a subspace of 
codimension p of P'^, then the current associated to H is of mass 1 and it belongs 
to the class [cupg]. If Y is an analytic set of pure codimension p of P'^, the degree 
deg(y) of Y is by definition the number of points in its intersection with a generic 
projective space of dimension p. One can check that the cohomology class of Y 
is deg(F)[cc;pg]. The volume of Y, obtained using Wirtinger's theorem IA.1.21 is 
equal to ^deg(F). 

Exercise A. 2.1. With the notation of Exercise \A.l.^ show that t^{^) is p.s.h. 
if if is p.s.h. 

Exercise A. 2. 2. Using that u{S,a,r) is decreasing, show that if [Sn) is a se- 
quence of positive closed {p,p)- currents on X converging to a current S and (an) 
is a sequence in X converging to a, then limsup //(S^, a„) < //(S*, a). 

Exercise A. 2. 3. Let S and S' be positive closed (1, l)-currents such that S' < S. 
Assume that the local potentials of S are bounded or continuous. Show that the 
local potentials of S' are also bounded or continuous. 

Exercise A. 2. 4. Let ^ be an L\^^ bounded family of p.s.h. functions on X . Let 
K be a compact subset of X . Show that ^ is locally bounded from above and that 
there is a > such that Wdd'^uHx < c for every u E ^ . Prove that there is a 
constant z/ > such that z/(-u, a) < v for u E ^ and a E K . 

Exercise A. 2. 5. Let Yi, 1 < i < m, be analytic sets of pure codimension Pi 
in . Assume pi + ■ ■ ■ + Pm < k. Show that the intersection of the Yi 's is a 
non-empty analytic set of dimension > k — pi — ■ ■ ■ — pm- 

A. 3 Intersection, pull-back and slicing 

We have seen that positive closed currents generalize differential forms and an- 
alytic sets. However, it is not always possible to extend the calculus on forms 
or on analytic sets to currents. We will give here some results which show how 
positive closed currents are flexible and how they are rigid. 

The theory of intersection is much more developed in bidegree (1,1) thanks 
to the use of their potentials which are p.s.h. functions. The case of continuous 
potentials was considered by Chern-Levine-Nirenberg [2B]. Bedford- Taylor [H] 
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developed a nice theory when the potentials are locally bounded. The case of 
unbounded potentials was considered by Demailly p9] and Forn^ss-Sibony [70l 
I115j . We have the following general definition. 

Let 5 be a positive closed (p, p)-current on X with p < k — 1. Ifcjisa fixed 
Hermitian form on X as above, then S Auj^~^ is a positive measure which is called 
the trace measure of S. In local coordinates, the coefficients of S are measures, 
bounded by a constant times the trace measure. Now, if m is a p.s.h function on 
X, locally integrable with respect to the trace measure of 5", then uS is a current 
on X and we can define 

dd%AS := dd\uS). 

Since u can be locally approximated by decreasing sequences of smooth p.s.h. 
functions, it is easy to check that the previous intersection is a positive closed 
(p+l,p+l)-current with support contained in supp(S'). When u is pluriharmonic, 
dd^u A S vanishes identically. So, the intersection depends only on dd^u and on 
S. If i? is a positive closed (1, l)-current on X, one defines R /\ S a.s above using 
local potentials of R. In general, dd'^u A S does not depend continuously on u 
and S. The following proposition is a consequence of Hartogs' lemma. 

Proposition A. 3.1. Let u^"'^ be p.s.h. functions on X which converge in the 
Hartogs' sense to a p.s.h. function u. If u is locally integrable with respect to the 
trace measure of S, then dd^u^"^ A S are well-defined and converge to dd^u A S. 
If u is continuous and Sn are positive closed (1, l)-currents converging to S , then 
dd'^u^^^ A Sn converge to dd^u A S . 

If Ml, . . . ,Uq, with q < k — p, are p.s.h. functions, we can define by induction 
the wedge-product 

dd'^Ui A ... A dd^Uq A S 

when some integrability conditions are satisfied, for example when the Ui are 
locally bounded. In particular, if u^p\ 1 < j < q, are continuous p.s.h. functions 
converging locally uniformly to continuous p.s.h. functions uj and if 5*^ are 
positive closed converging to 5*, then 

dd^u'C^ A ... A drf^M^") A Sn dd^ui A ... A dd'u^ A S 

The following version of the Chern-Levine-Nirenberg inequality is a very useful 
result (SUED]. 

Theorem A. 3. 2. Let S be a positive closed {p,p)-current on X . Let ui, . . . ,Uq, 
q < k — p, be locally bounded p.s.h. functions on X and K a compact subset of 
X . Then there is a constant c > depending only on K and X such that if v is 
p.s.h. on X then 

Wvdd^ui A ... A dd^Uq A S\\k < c||t;||Li(as)||Ml|U«=(X) • • • ||Mg|U°°(X), 

where as denotes the trace measure of S . 
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This inequality implies that p.s.h. functions are integrable with respect to 
the current dd'^ui A ... A ddf^Uq. We deduce the following corollary. 

Corollary A. 3. 3. Let Ui, . . . ,Up, p < k, be locally bounded p.s.h. functions on 
X. Then, the current dd'^Ui A ... A dd'^Up has no mass on locally pluripolar sets, 
in particular on proper analytic sets of X . 

We give now two other regularity properties of the wedge-product of currents 
with Holder continuous local potentials. 

Proposition A. 3. 4. Let S be a positive closed {p,p)-current on X and q a pos- 
itive integer such that q < k — p. Let Ui be Holder continuous p.s.h. functions 
of Holder exponents at with < < 1 and 1 < i < q. Then, the current 
dd'^ui A ... A dd'^Uq A S has no mass on Borel sets with Hausdorff dimension less 
than or equal to 2{k ~ p — q) + ai + ■ ■ ■ + aq. 

The proof of this result is given in [116] . It is based on a mass estimate on a 
ball in term of the radius which is a consequence of the Chern-Levine-Nirenberg 
inequality. 

We say that a positive measure i/ in X is locally moderate if for any compact 
subset K of X and any compact family of p.s.h. functions in a neighbourhood 
of K, there are positive constants a and c such that 



for u in This notion was introduced in 06j. We say that a positive current 
is locally moderate if its trace measure is locally moderate. The following result 
was obtained in [15] . 

Theorem A. 3. 5. Let S be a positive closed {p,p)-current on X and u a p.s.h. 

function on X. Assume that S is locally moderate and u is Holder continuous. 
Then the current dd'^u A S is locally moderate. In particular, wedge-products of 
positive closed [1,1) -currents with Holder continuous local potentials are locally 
moderate. 

Theorem IA.2.111 implies that a measure defined by a smooth form is locally 
moderate. Theorem IA.3.51 implies, by induction, that dd^'ui A ... A dd'^Up is lo- 
cally moderate when the p.s.h. functions uj are Holder continuous. So, using 
p.s.h. functions as test functions, the previous currents satisfy similar estimates 
as smooth forms do. One may also consider that Theorem IA.3.51 strengthens 
IA.2.111 and gives a strong compactness property for p.s.h. functions. The esti- 
mate has many consequences in complex dynamics. 

The proof of Theorem IA.3.51 is based on a mass estimate of dd'^u A S on 
the sub-level set {v < —M} of a p.s.h function v. Some estimates are easily 
obtained for u continuous using the Chern-Levine-Nirenberg inequality or for u 
of class The case of Holder continuous function uses arguments close to the 
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interpolation between the Banach spaces '^'^ and However, the non-hnearity 
of the estimate and the positivity of currents make the problem more subtle. 

We discuss now the pull-back of currents by holomorphic maps which are not 
submersions. The problem can be considered as a particular case of the general 
intersection theory, but we will not discuss this point here. The following result 
was obtained in [5T] . 

Theorem A. 3. 6. Let t : X' ^ X be an open holomorphic map between complex 
manifolds of the same dimension. Then the pull-back operator t* on smooth 
positive closed {p,p)-form can be extended in a canonical way to a continuous 
operator on positive closed {p,p)- currents S on X. If S has no mass on a Borel 
set K C X , then r*{S) has no mass on t^^{K). The result also holds for negative 
currents S such that dd'^S is positive. 

By canonical way, we mean that the extension is functorial. More precisely, 
one can locally approximate 5* by a sequence of smooth positive closed forms. 
The pull-back of these forms converge to some positive closed (p, p)-current which 
does not depend on the chosen sequence of forms. This limit defines the pull-back 
current t*{S). The result still holds when X' is singular. In the case of bidegree 
(1, 1), we have the following result due to Meo 

Proposition A. 3. 7. Let r : X' —>■ X be a holomorphic map between complex 
manifolds. Assume that r is dominant, that is, the image of r contains an open 
subset of X. Then the pull-back operator r* on smooth positive closed (1, l)-form 
can be extended in a canonical way to a continuous operator on positive closed 
(1, l)-currents S on X . 

Indeed, locally we can write 5* = dd'^u with u p.s.h. The current '7"*(5') is then 
defined by t*{S) := dd'^{uoT). One can check that the definition does not depend 
on the choice of u. 

The remaining part of this paragraph deals with the slicing of currents. We 
only consider a situation used in this course. Let tt : X —>■ V he a dominant 
holomorphic map from X to a manifold V of dimension / and 5* a current on 
X. Slicing theory allows to define the slice {S, vr, 6) of some currents S on X 
by the fiber 7t~^{6). Slicing theory generalizes the restriction of forms to fibers. 
One can also consider it as a generalization of Sard's and Fubini's theorems for 
currents or as a special case of intersection theory: the slice {S, vr, 6) can be seen 
as the wedge-product of S with the current of integration on 7t~^{6). We can 
consider the slicing of C-flat currents, in particular, of (p,p)-currents such that S 
and dd'^S are of order 0. The operation preserves positivity and commutes with 
d, d. li ip is a smooth form on X then {S A (p, vr, 9) = {S, vr, 9) A (p. Here, we only 
consider positive closed {k — l,k — /)-currents S. In this case, the slices {S, tt, 9) 
are positive measures on X with support in 7r~^(^). 

Let y denote the coordinates in a chart of V and Xy '■= {dd'^\\y\\'^y the Eu- 
clidean volume form associated to y. Let ip{y) be a positive smooth function 
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with compact support such that J ipXy = 1- Define ipe{y) '■= e~'^'"ip{e~^y) and 
il^e^eiy) '■= iptiy — G)- The measures ipe,eXv approximate the Dirac mass at 6. For 
every smooth test function $ on X, we have 

(5,7r,e)($) = hm(5A7r*(^,,,Ay),<D) 

when (S*, vr, 9) exists. This property holds for all choice of ip. Conversely, when 
the previous limit exists and is independent of it defines the measure (5", vr, 9) 
and we say that (5", vr, 9) is well-defined. The slice (S*, vr, 9) is well-defined for 9 
out of a set of Lebesgue measure zero in V and the following formula holds for 
smooth forms VL of maximal degree with compact support in V: 

I {s,Ti,9){^)n{9) = {s A-K^n),^). 

Je&v 

We recall the following result which was obtained in jSOj . 

Theorem A. 3. 8. Let V he a complex manifold of dimension I and let n denote 
the canonical projection from x onto V. Let S be a positive closed current 
of bidimension (/, /) on x V , supported on K x V for a given compact subset 
K ofC''. Then the slice {S, vr, 9) is well-defined for every 9 inV and is a positive 
measure whose mass is independent of 9. Moreover, if ^ is a p.s.h. function in 
a neighbourhood ci/supp(S'), then the function 9 (S*, vr, 6')($) is p.s.h. 

The mass of {S, vr, 9) is called the slice mass of S. The set of currents S as 
above with bounded slice mass is compact for the weak topology on currents. In 
particular, their masses are locally uniformly bounded on C'^ x V. In general, 
the slice {S, vr, 9) does not depend continuously on S nor on 9. The last property 
in Theorem IA.3.81 shows that the dependence on 9 satisfies a semi-continuity 
property. More generally, we have that {9,S) i-^ (5, vr, 6')($) is upper semi- 
continuous for $ p.s.h. We deduce easily from the above definition that the slice 
mass of S depends continuously on 5*. 



Exercise A. 3.1. Let X,X' be complex manifolds. Let v be a positive measure 
with compact support on X such that p.s.h. functions on X are v-integrable. 
If u is a p.s.h. function on X x X' , show that x' ^ j u{x,x')dv{x) is a p.s.h 
function on X' . Show that ifu, v' are positive measures on X, X' which are locally 
moderate, then v ® v' is a locally moderate measure on X x X' . 

Exercise A. 3. 2. Let S be a positive closed (1, l)-current on the unit ball of . 

Let vr : ^ 5e the blow-up o/C^ at and E the exceptional set. Show vr*(S') 
is equal to + S' , where v is the Lelong number of S at and S' is a current 
without mass on E. 
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A. 4 Currents on projective spaces 

In this paragraph, we will introduce quasi-potentials of currents, the spaces of 
d.s.h. functions, DSH currents and the complex Sobolev space which are used as 
observables in dynamics. We also introduce PB, PC currents and the notion of 
super-potentials which are crucial in the calculus with currents in higher bidegree. 

Recall that the Fubini-Study form ci;fs on satisfies Jp^ <^fs — ^- ^ 
a positive closed (p, p)-current, the mass of S is given by by \\S\\ := (S", cjpg^). 
Since if^'^(P'^,R) is generated by tUpg, such a current S is cohomologous to cwpg 
where c is the mass of S. So, 5* — cajpg is exact and the dd'^-lemma, which also 
holds for currents, implies that there exists a {p — l,p — l)-current U, such that 
5* = oupg + dd'^U. We call U a quasi-potential of S. We have in fact the following 
more precise result [53|. 

Theorem A. 4.1. Let S be a positive closed {p,p)-current of mass 1 in P^. Then, 
there is a negative form U such that dd'^U = S — a;pg . For r, s with 1 < r < 
k/ {k — 1) and 1 < s < 2k/ {2k — 1), we have 

\\U\\l-^ < Or and ||Vf/||Ls < c^, 

where constants independent of S. Moreover, U depends linearly and 

continuously on S with respect to the weak topology on the currents S and the U 
topology on U. 

The construction of U uses a kernel constructed in Bost-Gillet-Soule [I7j. We 
call U the Green quasi-potential of S. When p = 1, two quasi-potentials of 5* 
differ by a constant. So, the solution is unique if we require that (c^pg, U) = 0. In 
this case, we have a bijective and bi-continuous correspondence S ^ u between 
positive closed (1, l)-currents S and their normalized quasi-potentials u. 

By maximum principle, p.s.h. functions on a compact manifold are constant. 
However, the interest of p.s.h. functions is their type of local singularities. S.T. 
Yau introduced in ^130j the useful notion of quasi-p.s.h. functions. A quasi-p.s.h. 
function is locally the difference of a p.s.h. function and a smooth one. Several 
properties of quasi-p.s.h. functions can be deduced from properties of p.s.h. 
functions. If m is a quasi-p.s.h. function on P*^ there is a constant c > such that 
dd'^u > —cufs- So, dd'^u is the difference of a positive closed (1, l)-current and 
a smooth positive closed (1, l)-form: dd'^u = {dd'^u -\- ccups) ~ cc^fs- Conversely, 
if S" is a positive closed (1, l)-current cohomologous to a real (1, l)-form a, there 
is a quasi-p.s.h. function u, unique up to a constant, such that dd'^u = S — a. 
The following proposition is easily obtained using a convolution on the group of 
automorphisms of P*^, see Demailly [30] for analogous results on compact Kahler 
manifolds. 

Proposition A. 4. 2. Let u be a quasi-p.s.h. function on ¥^ such that dd'^u > 
—uj-ps. Then, there is a sequence of smooth quasi-p.s.h. functions decreasing 
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to u such that ddf^Un > — i^fs- In particular, if S is a positive closed (1, \)-current 
on P'^, then there are smooth positive closed (1, l)-forms Sn converging to S . 

A subset E of P*"' is pluripolar if it is contained in {u = — oo} where m is a quasi- 
p.s.h. function. It is complete pluripolar if there is a quasi-p.s.h. function u such 
that E = {u = —oo}. It is easy to check that analytic sets are complete pluripolar 
and that a countable union of pluripolar sets is pluripolar. The following capacity 
is close to a notion of capacity introduced by H. Alexander in [2j . The interesting 
point here is that our definition extends to general compact Kahler manifold |48j . 
We will see that the same idea allows to define the capacity of a current. Let 
^1 denote the set of quasi-p.s.h. functions u on P*' such that maxp* u = 0. The 
capacity of a Borel set E in P'^ is 



The Borel set E is pluripolar if and only if cap{E) = 0. It is not difficult to show 
that when the volume of E tends to the volume of P'^ then cap(ii^) tends to 1. 

The space of d.s.h. functions (differences of quasi-p.s.h. functions) and the 
complex Sobolev space of functions on compact Kahler manifolds were introduced 
by the authors in |1HI HH]. They satisfy strong compactness properties and are 
invariant under the action of holomorphic maps. Using them as test functions, 
permits to obtain several results in complex dynamics. 

A function on P^ is called d.s.h. if it is equal outside a pluripolar set to 
the difference of two quasi-p.s.h. functions. We identify two d.s.h. functions 
if they are equal outside a pluripolar set. Let DSII(P*'') denote the space of 
d.s.h. functions on P*^. We deduce easily from properties of p.s.h. functions 
that DSH(P*^) is contained in Lp(P'=) for 1 < p < oo. If u is d.s.h. then dd^u 
can be written as the difference of two positive closed (1, l)-currents which are 
cohomologous. Conversely, if 5*^ are positive closed (1, l)-currents of the same 
mass, then there is a d.s.h. function u, unique up to a constant, such that 
dd'^u = — S~ . 

We introduce several equivalent norms on DSH(P'^). Define 



where the minimum is taken over positive closed (1, l)-currents such that 
dd'^u = — S' . The term KtUpg, u)\ may be replaced by II^^Ulp with 1 < p < oo; 
we then obtain equivalent norms. The space of d.s.h. functions endowed with 
the above norm is a Banach space. However, we will use on this space a weaker 
topology: we say that a sequence converges to u in DSH(P'') if m„ converge to 
u in the sense of currents and if is bounded with respect to || • ||dsh- Under 
the last condition on the DSH-norm, the convergence in the sense of currents of 
Un is equivalent to the convergence in for 1 < p < oo. We have the following 
proposition [48j . 



cap(£^) := inf exp ( supu 

■/pe^^i \ E 




u\\bsu ■= \ {uJfs^u) \ + min H^^^ 
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Proposition A. 4. 3. Let u be a d.s.h. function on P'^ such that ||m||dsh < 
1. Then there are negative quasi-p.s.h. function such that u = — u~ , 
II'^^IIdsh < c and dd'^u^ > — cwps; where c> is a constant independent of u. 

A positive measure on P'^ is said to be PC ^ if it can be extended to a contin- 
uous linear form on DSH(P^). Here, the continuity is with respect to the weak 
topology on d.s.h. functions. A positive measure is PB ^ if quasi-p.s.h. func- 
tions are integrable with respect to this measure. PB measures have no mass on 
pluripolar sets and d.s.h. functions are integrable with respect to such measures. 
PC measures are always PB. Let fi he a non-zero PB positive measure on X. 
Define 

:= \{ti,u)\ + min H^^^H, 

with as above. We have the following useful property [18]. 

Proposition AAA. The semi-norm \\ ■ \\^ is in fact a norm on DSH(P'^) which 
is equivalent to \\ ■ ||dsh- 

One can extend the above notions to currents but the definitions are slightly 
different. Let DSH^(P^) denote the space generated by negative (p, p)-currents 
$ such that is the difference of two positive closed {p + l,p + l)-currents. 
A DSH (p, p)-current, i.e. a current in DSH^(P*'), is not an form in general. 
Define the ||$||DSH-iiorm of a negative current $ in DSH^(P'^) by 

II^IIdsh := ||$|| +min 

where are positive closed such that dd"^^ = — . For a general $ in 
DSH^'(P'=) define 

||$||dsh := min(||$+||DSH + ||$"||dsh), 

where $^ are negative currents in DSH^(A) such that $ = $^ — . We also 
consider on this space the weak topology: a sequence converges to $ in 

DSH^(P'^) if it converges to $ in the sense of currents and if (||$ri||DSH) is bounded. 
Using a convolution on the group of automorphisms of P'^, we can show that 
smooth forms are dense in DSH^(P'^). 

A positive closed (p, p)-current S is called PB if there is a constant c > 
such that I (5*,$) I < c||$||dsh for any real smooth {k — p,k — p)-form $. The 
current S is PC if it can be extended to a linear continuous form on DSH'^~^(P^). 
The continuity is with respect to the weak topology we consider on DSH^^^(P^). 
PC currents are PB. We will see that these notions correspond to currents with 
bounded or continuous super-potentials. As a consequence of Theorem IA.3.61 we 
have the following useful result. 



^In dimension 1, the measure is PC if and only if its local Potentials are Continuous. 
^In dimension 1, the measure is PB if and only if its local Potentials are Bounded. 
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Proposition A. 4. 5. Let f : F'' ^ be a holomorphic surjective map. Then, 
the operator f* on smooth forms has a continuous extension f* : DSH^(P'^) — > 
DSH^(P^). If S is a current on DSH^(P'^) with no mass on a Borel set A, then 
f*{S) has no mass on f~^{A). 

Another useful functional space is the complex Sobolev space W*{F^). Its 
definition uses the complex structure of P'^. In dimension one, iy*(P^) coincides 
with the Sobolev space Vr^'^(P^) of real-valued functions in with gradient in 
L^. In higher dimension, W*{F^) is the space of functions u in iy^'^(P'^) such 
that idu A du is bounded by a positive closed (1, l)-current 9. We define 

\\u\\w* ■= \ {ujpg,u) \ + min ||e||^/^ 

with 6 as above, see [I9lll24j . By Sobolev-Poincare inequality, the term | (coipg, u) \ 
may be replaced by or ||m||l2; we then obtain equivalent norms. The weak 

topology on W*(F'') is defined as in the case of d.s.h. functions: a sequence 
converges m W*{F'') to a function u if it converges to u in the sense of currents 
and if (||Mn||iy*) is bounded. A positive measure fi is WPC if it can be extended 
to a linear continuous form on W*(F''). If m is a strictly negative quasi-p.s.h. 
function, one can prove that log(— u) is in W*{F''). This allows to show that 
WPC measures have no mass on pluripolar sets. 

In the rest of the paragraph, we will introduce the notion of super-potentials 
associated to positive closed (p, p)-currents. They are canonical functions defined 
on an infinite dimensional spaces and are, in some sense, quasi-p.s.h. functions 
there. Super-potentials were introduced by the authors in order to replace or- 
dinary quasi-p.s.h. functions which are used as quasi-potentials for currents of 
bidegree (1,1). The theory is satisfactory in the case of projective spaces [53] 
and can be easily extended to homogeneous manifolds. 

Let ^fc_p+i(P'') denote the convex set of positive closed currents of bidegree 
{k — p + 1, k — p + 1) and of mass 1, i.e. currents cohomologous to uj^'^^'^^. Let 
be a positive closed (p,p)-current on P'^. We assume for simplicity that S is of 
mass 1; the general case can be deduced by linearity. The super-potential'' '^5 of 
S" is a function on ^fc_p+i(P'^) with values in M U {—00}. Let i? be a current in 
'^fc_p+i(P*^) and Ur a potential of R — cupg^'*'^. Subtracting from Ur a constant 
times Wpg^ allows to have {Ur, cjpg) = 0. We say that Un is a quasi-potential of 
mean of R. Formally, i.e. in the case where R and Uji are smooth, the value of 
'^s at R is defined by 

^siR) ■■={S,Ur). 

One easily check using Stokes' formula that formally if Us is a quasi-potential 
of mean of S, then ^s{R) = {Us,R)- Therefore, the previous definition does 
not depend on the choice of Ur or Us- By definition, we have ^s{^fs^~^^) ~ ^■ 



^The super-potential we consider here corresponds to the super-potential of mean in [53j . 
The other super-potentials differ from 'Ws by constants. 
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Observe also that when S is smooth, the above definition makes sense for every 
R and ^5 is a continuous affine function on ^k-p+ii^'') ■ It is also clear that if 
'^s = '^s', then S = S'. The following theorem allows to define '^s in the general 
case. 

Theorem A. 4. 6. The above function ^s, which is defined on smooth forms R 
in ^k-p+ii^'') , can be extended to an affine function on ^fc_p+i(P^) with values 
m MU {-00} hy 

"^siR) := limsup^5(i?'), 

where R' is smooth in ^fc_p+i(P'^) and converges to R. We have ^s{Fi) — ^r{S)- 

Moreover, there are smooth positive closed {p,p) -forms Sn of mass 1 and constants 
Cn converging to such that '^5„ + c„ decrease to ^5. In particular, converge 
pointwise to "^s- 

For bidegree (1, 1), there is a unique quasi-p.s.h. function ug such that 
dd^us = S — ups and {wps,us) = 0. If 6a denotes the Dirac mass at a, we 
have '^s{Sa) = us{a). Dirac masses are extremal elements in ^k(^^)- The super- 
potential '^s in this case is just the affine extension of us, that is, we have for 
any probability measure i/: 

^s{y) = J '^s{Sa)diy{a) = J us{a)du{a). 

The function '^s extends the action {S, $) on smooth forms $ to {S, U) where 
[/ is a quasi-potential of a positive closed current. Super-potentials satisfy anal- 
ogous properties as quasi-p.s.h. functions do. They are upper semi-continuous 
and bounded from above by a universal constant. Note that we consider here 
the weak topology on '^;t-p+i(lP'^)- We have the following version of the Hartogs' 
lemma. 

Proposition A. 4. 7. Let Sn he positive closed {p,p)- currents of mass 1 on 
converging to S. Then for every continuous function ^ on ^k-p+i with < ^ , 
we have ^Sr^ < ^ for n large enough. In particular, limsup < ^5. 

We say that Sn converge to S in the Hartogs' sense if Sn converge to S and if 
there are constants c„ converging to such that 'Ws„ + c„ > ^5. If '^s„ converge 
uniformly to ^^5, we say that Sn converge SP-uniformly to 5". 

One can check that PB and PC currents correspond to currents of bounded 
or continuous super-potential. In the case of bidegree (1,1), they correspond to 
currents with bounded or continuous quasi-potential. We say that S' is more 
diffuse than S if — is bounded from below. So, PB currents are more 
diffuse than any other currents. 

In order to prove the above results and to work with super-potentials, we have 
to consider a geometric structure on "^k-p+ii^^) ■ In a weak sense, "^^_p^]^(P ) can 
be seen as a space of infinite dimension which contains many "analytic" sets of 
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finite dimension that we call structural varieties. Let V" be a complex manifold 
and ^ a positive closed current of bidegree [k — p + 1, k — p + 1) onVxF''. Let 
TTy denote the canonical projection map from V xF'^ onto V. One can prove that 
the slice vry, 9) is defined for 9 outside a locally pluripolar set of V. Each slice 
can be identified with a positive closed (p, p)-current Rg on P*^. Its mass does not 
depend on 9. So, multiplying ^ with a constant, we can assume that all the Rg 
are in '^k-p+i{'^^) ■ The map t{9) := Rg or the family (Rg) is called a structural 
variety of ^fc_p+i(P'^). The restriction of to this structural variety, i.e. or, 
is locally a d.s.h. function or identically —00. When the structural variety is 
nice enough, this restriction is quasi-p.s.h. or identically —00. In practice, we 
often use some special structural discs parametrized by 9 in the unit disc of C. 
They are obtained by convolution of a given current R with a smooth probability 
measure on the group PGL(C, A; + 1) of automorphisms of P'^. 

Observe that since the correspondence S ^ is 1 : 1, the compactness on 
positive closed currents should induce some compactness on super-potentials. We 
have the following result. 

Theorem A. 4. 8. Let W G F'^ be an open set and K G W a compact set. Let S 
be a current in ^p{¥^) with support in K and R a current in ^k-p+ii^^) ■ Assume 
that the restriction of R to W is a bounded form. Then, the super-potential %s 
of S satisfies 

1^5(^)1 <^(l+l0g+||i?||oo,H^) 

where A > is a constant independent of S, R and log"*" := max(0,log). 

This result can be applied to K = W = and can be considered as a version 
of the exponential estimate in Theorem IA.2.111 Indeed, the weaker estimate 
\'^s{R)\ ^ 1 + ||-R||oo is easy to obtain. It corresponds to the estimate on the 
quasi-p.s.h. function us in the case of bidegree (1, 1). 

Using the analogy with the bidegree (1, 1) case, we define the capacity of a 
current R as 

cap(i?) := inf exp {^s{R) — max ^5). 

This capacity describes rather the regularity of R: an R with big capacity is 
somehow more regular. Theorem IA.4.81 implies that cap(-R) > H-RHj^o^ for some 
universal constant A > 0. This property is close to the capacity estimate for 
Borel sets in term of volume. 

Super-potentials allow to develop a theory of intersection of currents in higher 
bidegree. Here, the fact that ^5 has a value at every point (i.e. at every current 
R G ^k-p+i{^^)) is crucial. Let S", S' be positive closed currents of bidegree {p,p) 
and {p',p') with p + p' < k. We assume for simplicity that their masses are equal 
to 1. We say that S and S' are wedgeable if ^5 is finite at S' A Up'^^~^~^^. This 
property is symmetric on S and S'. If S, S' are more diffuse than S, S' and if 
5", 5" are wedgeable, then S, S' are wedgeable. 
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Let $ be a real smooth form of bidegree [k — p — p',k — p — p'). Write 
dd'^^ = c{Q'^ — with c > and positive closed of mass 1. If S* and 5" are 
wedgeable, define the current S A S' hj 

{S A S', $) := {S', A $) + c'^siS' A Q+) - c'^siS' AQ-). 

A simple computation shows that the definition coincides with the usual wedge- 
product when 5* or 5" is smooth. One can also prove that the previous definition 
does not depend on the choice of c, and is symmetric with respect to 5*, 5". If S* 
is of bidegree (1, 1), then S, S' are wedgeable if and only if the quasi-potentials of 
S are integrable with respect to the trace measure of 5". In this case, the above 
definition coincides with the definition in Section IA.3I We have the following 
general result. 

Theorem A. 4. 9. Let Si be positive closed currents of bidegree {pi,Pi) on F'' with 
1 < i < m and pi + ■ ■ ■ + Pm < k. Assume that for 1 < i < m — 1, Si and 
Si+i A . . . A Sm are wedgeable. Then, this condition is symmetric on Si, . . . , Sm- 
The wedge-product 5*1 A ... A S.^ is a positive closed current of mass \\Si\\ . . . \\SfYi\\ 
supported on supp(S'i) fl . . . fl supp(S'm). It depends linearly on each variable and 
is symmetric on the variables. If S^^^ converge to Si in the Hartogs' sense, then 
the ^f"^ are wedgeable and S[^^ A ... A Sm^ converge in the Hartogs' sense to 

SlA...AS,r^■ 

We deduce from this result that wedge-products of PB currents are PB. One 
can also prove that wedge-products of PC currents are PC. If Sn is defined by 
analytic sets, they are wedgeable if the intersection of these analytic sets is of 
codimension pi + ■ ■ ■ + Pm- In this case, the intersection in the sense of currents 
coincides with the intersection of cycles, i.e. is equal to the current of integration 
on the intersection of cycles where we count the multiplicities. We have the 
following criterion of wedgeability which contains the case of cycles. 

Proposition A. 4. 10. Let S, S' be positive closed currents on of bidegrees {p, p) 
and {p',p'). Let W , W be open sets such that S restricted to W and S' restricted 
to W are bounded forms. Assume that W U W is {p + p')- concave in the sense 
that there is a positive closed smooth form of bidegree {k —p — p' + 1, k —p — p' + 1) 
with compact support in W U W . Then S and S' are wedgeable. 

The following result can be deduced from Theorem IA.4.9[ 

Corollary A. 4. 11. Let Si be positive closed (1, l)-currents on with I < i < p. 
Assume that for 1 < i < p — 1. Si admits a quasi-potential which is integrable with 
respect to the trace measure of Si+i A . . . A Sp. Then, this condition is symmetric 
on Si, ... , Sp. The wedge-product Si A ... A Sp is a positive closed {j),p)- current 
of mass \\Si\\ ... \\Sp\\ supported on supp(S'i) fl . . . fl supp(S'p). It depends linearly 
on each variable and is symmetric on the variables. If S^^"* converge to Si in 
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the Hartogs' sense, then the S*,- are wedgeable and Si A ... A 5*^ converge to 
SiA...ASp. 

We discuss now currents with Holder continuous super-potential and moderate 
currents. The space '^k-p+ii^^) admits a natural distances dist^, with a > 0, 
defined by 

dista{R, R') := sup \{R-R',^)\, 

where $ is a smooth [p — l,p — l)-form on P'^. The norm on $ is the sum of 
the ^"-norms of its coefficients for a fixed atlas of P'^. The topology associated to 
dista coincides with the weak topology. Using the theory of interpolation between 
Banach spaces |126] . we obtain for /5 > a > that 

dist/3 < dista < Ca,/3[dist/3]"^^ 

where Ca,i3 > is a constant. So, a function on ^fc_p+i(P'^) is Holder continuous 
with respect to dist^ if and only if it is Holder continuous with respect to dist/3. 
The following proposition is useful in dynamics. 

Proposition A. 4. 12. The wedge-product of positive closed currents on P^ with 
Holder continuous super-potentials has a Holder continuous super-potential. Let 
S be a positive closed {p,p)-current with a Holder continuous super-potential. 
Then, the Hausdorff dimension of S is strictly larger than 2{k —p). Moreover, S 
is moderate, i.e. for any bounded family ^ of d.s.h. functions on ¥^ , there are 
constants c > and a > such that 

j e^l'^lrfas < c 

for every u in ^ , where as is the trace measure of S. 



Exercise A.4.1. Show that there is a constant c > such that 

cap(_E) > exp(— c/volume(i?)). 
Hint: use the compactness of in L^. 

Exercise A. 4. 2. Let (un) be a sequence of d.s.h. functions such that ll^nllDSH 
is finite. Show that converge pointwise out of a pluripolar set to a d.s.h. 

function. Hint: write Un = — u~ with < 0, ||m^||dsh ^ ||wn||DSH o^nd 
dd^u^ > -||u„||DSHt^FS- 

Exercise A. 4. 3. If x is a convex increasing function on M with bounded deriva- 
tive and u is a d.s.h. function, show that x ° u is d.s.h. If x is Lipschitz and u 
IS m W*{¥^), show that X^u is in W*{¥^). Prove that bounded d.s.h. functions 
are in W*{¥^). Show that DSH(P''') and W*{¥'') are stable under the max and 
min operations. 
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Exercise AAA. Let ji he a non-zero positive measure which is WPC. Define 

:= \{li,u)\ + mill ||0||^/^ 

with 6 as above. Show that \\ ■ ||* defines a norm which is equivalent to \\ ■ \\w*- 

Exercise A. 4. 5. Show that the capacity of R is positive if and only if R is PB. 

Exercise A. 4. 6. Let S he a positive closed {p^^p)- current of mass 1 with positive 
Lelong number at a point a. Let H be a hyperplane containing a such that S and 
[H] are wedgeable. Show that the Lelong number of S A [H] at a is the same if 
we consider it as a current on or on H. If R is a positive closed current of 
hidimension (p — l,p — 1) on H, show that ^s{R) ^ '^s^[H]{R) +c where c> Q is 
a constant independent of S, R and H . Deduce that PB currents have no positive 
Lelong numbers. 

Exercise A. 4. 7. Let K be a compact subset in C P^. Let Si, . . . , Sp be positive 
closed (1, \)-currents on P^. Assume that their quasi-potentials are bounded on 
\ K . Show that Si, . . . , Sp are wedgeable. Show that the wedge-product Si A 
. . . A Sp is continuous for Hartogs ' convergence. 
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